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LECTURE 1   Introduction to Mechanics of Materials. Geometrical 
Properties of Cross Sections of a Rod (Part 1) 

1   Problems and Methods in Mechanics of Materials (syn. Strength of Materials) 

Mechanics of materials is the science of strength, stiffness and stability of 

elements of engineering structures. 

Strength is understood as the ability of structure or its elements to withstand a 

specified external loading without fracture. 

Stiffness (or rigidity) is understood as the capability of a body or structural 

element to resist deformation i.e. to prevent exceeding elongations, deflections and so 

on. 

Stability is meant as the capability of a structure to resist the forces which tend 

to move it from the initial state of equilibrium i.e. to prevent buckling. 

Mechanics of materials is one of the branches of mechanics of deformable 

solids. Mechanics of deformable solids includes also other branches such as the 

mathematical theory of elasticity, theory of plates and shells (structural mechanics). 

In contrast, classical (theoretical) mechanics deals with nondeformable solids and the 

problems of their equilibrium and movement. 

The mathematical theory of elasticity studies the behavior of deformable solids 

under external mechanical and thermal loading using a complex mathematical 

apparatus. Mechanics of materials uses a simple mathematical apparatus and 

simplifying hypotheses for strength, rigidity and stability analysis. It performs simple 

approximate calculations of typical structural elements from the viewpoint of their 

strength, rigidity and stability. 

The general goal of engineering design is to prevent the structure failure (design 

against failure). The structure is not able to work at the level of fracture, i.e. should not 

fail under applied external loads. It must have preliminary grounded factor of safety. 

The lack of factor leads to fracture, but insufficient factor makes structure imperfect. 

The correct choice of the factor is a responsible problem in mechanical engineering. 

The geometrical scheme in strength of materials is the scheme of a rod. A rod 

generally implies a body one of whose dimensions (length) is considerably greater than 

the other two. Bars, beams, shafts, shells are also considered in mechanics of 

materials. 

The concepts of displacement, deformation and stress are of the most 

importants in mechanics of materials.  
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2   Geometrical Properties of Cross Sections of a Rod 

In solving the problems in mechanics of materials, it is necessary to operate with 

some geometrical properties of cross sections of a rod which influence on ability of 

engineering structure to withstand applied load. Simplest example of a rod processing 

by welding is shown on Fig. 1. 

2.1   Cross-Section Area 

Take a cross section of a rod. Relate it to a system of coordinates y, z. Isolate an 

element A  from the area A with coordinates y, z. Consider the following integral: 

0 1

lim
i

i
A

A

A A dA






   ,    (1) 

where the index A beneath the integral sign indicates that the integration is carried out 

over the whole cross-sectional area. The integral (1) is called as cross-section area. 
 

Cross-sectional areas of simple figures 

Сircle 

2
2

4

d
A r


   – area. 

 

Сircular sector 

 =angle in radians,  2  , 

2A r  – area. 

 

Fig. 3 Fig. 4 

 

Fig. 1 
 

Fig. 2 
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Сircular segment 

Origin of axes at center of circle, 

 =angle in radians,  2  , 

 2 sin cosA r      – area. 

 

Circle with core removed 

 =angle in radians,  2  , 

arccos
a

r
  , 2 2b r a  ; 

2
2

2
ab

A r
r


 

  
 

 – area. 

 

Fig. 5 Fig. 6 

Сircular segment 

Origin of axes at center of circle, 

 =angle in radians,  2  , 

 2 sin cosA r      – area. 

 

Equilateral triangle 

a – side, 

21
3

4
A a  – area. 

 

Fig. 7 Fig. 8 
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Ellipse 

Origin of axes at centroid, 

A ab , 

a – magor axis, 

b – minor axis; 

Circumference   

   1.5 /3a b ab a b a       
 

 

 24.17 / 4 0 /3b a a b a    . 

 

Hollow circular cross section 

 2 2
2 1A r r  , 

1r  – inner radius, 

2r  – outer radius, 

2 1t r r   – thickness. 

 

Fig. 9 Fig. 10 

Hollow square cross section (doubly 
symmetric) 

2 2A b c   – area,  

C – centroid. 

 

Isosceles trapezoid 

 1 2

2

h b b
A


  – area, 

C – centroid, h – height. 

 

Fig. 11 Fig. 12 
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Isosceles right triangle 

2

4

b
A   – area, C – centroid. 

 

Isosceles triangle 

/ 2A bh  – area, 

h – height, b – width. 

 

Fig. 13 Fig. 14 

Parabolic semisegment 

2

2
( ) 1

x
y f x h

b

 
   

 
 

, 
2

3

bh
A   – area. 

 

Parabolic spandrel 

2

2
( )

hx
y f x

b
  , 

3

bh
A   – area. 

 
Fig. 15 Fig. 16 

Rectangle 

A bh  – area. 

 

Right triangle 

/ 2A bh  – area. 

 

Fig. 17 Fig. 18 
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Quarter circle 

2

4

r
A


  – area. 

 

Quarter-circular spandrel 

21
4

A r
 

  
 

 – area. 

 
Fig. 19 Fig. 20 

Regular hexagon 

b – side, C – centroid, 23 3

2
A b  – area. 

 

Regular hexagon hollow cross section 
(syn. regular hexagon tube) 

t – thickness, 6A bt  – area. 

 

Fig. 21 Fig. 22 

Semicircle 

r  – radius, 
2

2

r
A


  – area. 

 

Sine wave 

4bh
A


  – area. 

 

Fig. 23 Fig. 24 
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Regular polygon with n sides 

n  – number of sides  3n  , 

b  – length of a side, 
  – central angle for a side, 

  – interior angle (or vertex angle). 

 

Semisegment of nth degree 

   1 /n ny f x h x b   , 0n  ; 

 / 1A bh n n   – area. 

 

Fig. 25 Fig. 26 

Square chimney 

2 2 / 4A b d   – area. 

 

Square cross section, square 

2A a  – area. 

 

Fig. 27 Fig. 28 

Square tubular cross section 

b – width, t – thickness, 

4A bt  – area. 

 

Thin circular ring 

2A rt dt   , 

2d r ,  t r . 

 
Fig. 29 Fig. 30 
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Triangle 

2

bh
A   – area. 

 

Trapezoid 

 
2

h a b
A


  – area. 

 

Fig. 31 Fig. 32 

2.2   Static Moment (First Moment) of a Section 

Consider the following two integrals: 

y

A

S zdA  ,   z

A

S ydA  .    (2) 

Each of them represents the sum of the products of elements area and the distance to 

respective axis (y or z). 

The first integral is called the static moment of the section with respect to the y axis, 

and the second – to the z axis. 

The static moment is measured in meter cubed ( 3m ). 

According to expressions (2) the static moment can be positive, negative or equal 

to zero. The static moment of a compound section equals to the sum of the static 

moments of the simplest figures (components). 

2.3   Central Axes. Centroid 

Consider a plane section and draw two pairs of parallel axes y, z, and 1y , 1z  as 

shown on Fig. 33. Let a distance between the axes will be b and a. Let us assume that 

the area A of this section and yS  and zS  are given. It is necessary to find the static 

moments with respect to the 1y  and 1z  axes, i.e. 
1y

S  and 
1z

S . 

According to formulas (2) the static moments are 

1 1y

A

S z dA  , 
1 1z

A

S y dA  .    (3) 
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As may be seen from Fig. 33 

1z z b  ,  1y y a  .     (4) 

Substituting 1y  and 1z  from expressions (4) to formulas (3), we find 

 
1y

A A A

S z b dA zdA b dA      , 

 
1z

A A A

S y a dA ydA a dA      .    (5) 

Because, as we know 

y

A

zdA S ,  z

A

ydA S ,  

A

dA A ,   (6) 

then we rewrite (5) as 

1y yS S bA  ,  
1z zS S aA  .   (7) 

Consider the first of the expressions derived above: 

1y yS S bA  . 

The quantity b may be any number whatever, either positive or negative. It can, 

therefore, always be chosen to make the product bA equal to yS . Then the static 

moment with respect to the 1y -axis vanishes, that is 

0 yS bA  ,       0 zS aA  .    (8) 

An axis with respect to which the static moment is zero is called central axis or 

centroidal axis. The point of intersection of central axes is called the center of 

gravity, or centroid of cross-section. 

Thus, equations (8) make it possible to determine the position of the centroid if 

the static moments are known: 

y
c

S
b Z

A
  ,      z

c
S

a Y
A

  .    (9) 
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where cZ  and cY  are coordinates of the 

centroid. It is possible also to find the 

static moments if the position of the 

centroid is known. 

The centroid of a composite section 

is determined by 

1

1

n

i i

c n

i

A z

Y

A









,     1

1

n

i i

c n

i

A y

Z

A









, (10) 

where iy  and iz  are coordinates of the geometrical centers of the component figures. 

Consider the simplest example. 

Example 1   The calculation of centroid coordinate of the triangular (Fig. 34) 

Given: b is the base of the triangle, h is the height. 

R.D.: distance of the centroid of the triangle from its base, i.e. cz . 

Solution   By definition 
y

c

S
z

A
 . The 

triangle static moment with respect to the y axis 

is equal to 

y

A

S zdA  . 

In our case,  dA b z dz , 
1

2
A bh . 

From triangles similarity, b(z) equals to 

   
b

b z h z
h

  . 

Thus 

 
2

0
6

h

y
h bh

S z h z dz
b

   , 

2

6

3

2

c

bh
h

z
bh


   . 

 

Fig. 33 

 

Fig. 34 
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The coordinate from the base of the triangle to the centroid of gravity is /3h  (up 

directed) and the centroidal horizontal central axis is located upwards at distance 1/3  of 

altitude from its base. 

Example 2   Centroidal axes of right triangle (Fig. 35) 

Given: b is the base of the triangle, h is 

the height. 

R.D.: distance of the centroid of the 

triangle from its base, i.e. cx  and cy . 

1 0

b

y
c

xdA
S

x
A A

  



( ) ;
( ) ( )

( ) ( )

dA h x dx
h x b x h

h x b x
h b b

  
     

  
2 3

0
( ) 2 3

2 2

b
h b b

h b
b x xdx b

b
bh bh

 
   

   


2

6 .
3

2

hb
b

bh
  

By analogy 1

3

x
c

S h
y

A
  . 

In result, cx , cy  axes are centroidal axes of right triangle. 

Example 3   Centroid of a composite area (Fig. 36) 

Given: dimensions of an angular 

section. 

R.D.: cx , cy  coordinates. 

Solution The areas and first moments 

of composite areas may be calculated by 

summing the corresponding properties of the 

component parts. Let us assume that a 

composite area is divided into a total of n  

 

Fig. 35 

 
Fig. 36 
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parts, and let us denote the area of the i th part as iA . Then we can obtain the area and 

first moments by the following summations: 

1

n

i
i

A A


 ,       (1) 

1
i

n

x c i
i

S y A


 , 

1
i

n

y c i
i

S x A


 ;    (2) 

in which 
icx  and 

icy  are the coordinates of the centroid of the i  part. The coordinates 

of the centroid of the composite area are 

1

1

i

n

c i
y i

c n

i
i

x A
S

x
A

A





 





,      1

1

i

n

c i
x i

c n

i
i

y A
S

y
A

A





 





.         (3) 

Since the composite area is represented exactly by the n  parts, the preceding equations 

give exact results for the coordinates of the centroid. To illustrate the use of Eq. (3), 

consider the L -shaped area (or angle section) shown in Fig. 36, a. This area has side 

dimensions b  and c  and thickness t . The area can be divided into two rectangles of 

areas 1A  and 2A  with centroids 1C  and 2C , respectively (Fig. 36, b). The areas and 

centroidal coordinates of these two parts are 

1A bt ,   
1 2

c
t

x  ,   
1 2

c
b

y  ; 

 2A c t t  ,   
2 2

c
c t

x


 ,   
2 2

c
t

y  . 

Therefore, the area and first moments of the composite area (from Eqs. (1) and (2)) are 

 1 2A A A t b c t     , 

 1 2

2 2
1 2

2
x c c

t
S y A y A b ct t     , 

 1 2

2 2
1 2

2
y c c

t
S x A x A bt c t     . 
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Finally, we can obtain the coordinates cx  and cy  of the centroid C of the composite 

area (Fig. 36, b) from Eq. (3): 

 

2 2

2

y
c

S bt c t
x

A b c t

 
 

 
,   

 

2 2

2

x
c

S b ct t
y

A b c t

 
 

 
.             (4) 

Note 1: When a composite area is divided into only two parts, the centroid C of the 

entire area lies on the line joining the centroids 1C  and 2C  of the two parts (as shown 

in Fig. 1b for the L-shaped area). 

Note 2: When using the formulas for composite areas (Eqs. (1), (2) and (3)), we can 

handle the absence of an area by subtraction. This procedure is useful when there are 

cutouts or holes in the figure. 

Example 4   Determination the coordinates of the centroid of the compound 

section (Fig. 37) 

Given: 1 30b  mm, 2 10b  mm, 

40h  mm. 

R.D.: ,c cx y  coordinates. 

Solution   Divide the area into two 

simplest figures: the right triangle and 

the rectangle, for which the centroids are 

know. Select an arbitrary reference system 

of axes y and z and determine the 

coordinates of the centroid using equation 

(10). 

Substituting the numerical values 

into the foregoing expression we receive: 
 

 

2
1 1 2

2
1

2 1
2

1

2 3 2
...,

2

ii c
z z z

c

i

b h b bA y b h
S S S

y
b hA A A b hA





   
             

 





, 

2
1

2
1

2 1
2

1

2 3 2
...

2

ii c
y y y

c

i

b h h hA z b h
S S S

z
b hA A A b hA





   
             

 





. 

 
Fig. 37 
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Centroids of simple figures 

Circular sector 

 
Fig. 38 

Origin of axes at center of circle: 

 =angle in radians  2  , 

2A r , 

sincx r  , 

2 sin

3
c

r
y




 . 

 

Circular segment 

 
Fig 39 

Origin of axes at center of circle: 

 =angle in radians  2  , 

 2 sin cosA r     , 

32 sin

3 sin cos
c

r
y



  

 
  

  

. 

Isosceles triangle 

 
Fig 40 

Origin of axes at centroid: 

2

bh
A  , 

2
c

b
x  , 

3
c

h
y  . 

Parabolic semisegment 

A parabolic semisegment OAB is bounded by the x  axis, the y axis, and a parabolic 

curve having its vertex at A (Fig. 41). The equation of the curve is 

 
2

2
1

x
y f x h

b

 
   

 
 

,     (1) 
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in which b  is the base and h  is the height of the semisegment. Locate the centroid C of 

the semisegment. 

To determine the coordinates cx  and cy  of the centroid C (Fig. 41), we will use 

equations: 

y
c

S
x

A
 , x

c
S

y
A

 . 

We begin by selecting an element of area dA  in the form of a thin vertical strip of 

width dx  and height y . The area of this differential element is 

2

2
1

x
dA ydx h dx

b

 
   

 
 

.         (2) 

Therefore, the area of the parabolic semisegment is 

2

20
( )

2
1

3

b

A

x bh
A dA h dx

b

 
    

 
 

  .          (3) 

Note: This area is 2/3 of the area of the surrounding rectangle. 

The first moment of an element of area dA  with respect to an axis is obtained by 

multiplying the area of the element by the distance from its centroid to the axis. Since 

the x and y coordinates of the centroid of the element shown in Fig. 42 are x  and / 2y , 

respectively, the first moments of the element with respect to the x  and y  axes are 

 
Fig. 41 

       

 
Fig. 42 
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2
2 2 2

2
0

4
1

2 2 15

b

x
y h x bh

S dA dx
b

 
    

 
 

  ,    (4) 

2 2

2
0

1
4

b

y
x b h

S xdA hx dx
b

 
    

 
 

  ,        (5) 

in which we have substituted for dA  from Eq. (2). 

We can now determine the coordinates of the centroid C: 

3

8

y
c

S b
x

A
  ,     (6) 

2

5

x
c

S h
y

A
  .     (7) 

Notes: The centroid C of the parabolic semisegment may also be located by taking the 

element of area dA  as a horizontal strip of height dy  and width 

1
y

x b
h

  .     (8) 

This expression is obtained by solving Eq. (1) for x in terms of y. 

Another possibility is to take the differential element as a rectangle of width dx and 

height dy. Then the expressions for A , xS , and yS  are in the form of double integrals 

instead of single integrals. 

Parabolic spandrel 

 

Fig 43 

Origin of axes at vertex O: 

 
2

2

hx
y f x

b
  , 

3

bh
A  , 

3

4
c

b
x  , 

3

10
c

h
y  . 
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Quarter circle 

 

Fig 44 

Origin of axes at center of circle O: 
2

4

r
A


 , 

4

3
c c

r
x y


  . 

 

Quarter-circular spandrel 

 

Fig 45 

Origin of axes at point of tangency: 

21
4

A r
 

  
 

, 

 
2

0.7766
3 4

c
r

x r


 


, 

 
 

10 3
0.2234

3 4
c

r
y r






 


. 

Rectangle 

 
Fig 46 

Origin of axes at centroid: 

A bh , 

2
c

b
x  , 

2
c

h
y  . 
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Right triangle 

 

Fig 47 

Origin of axes at centroid: 

2

bh
A  , 

3
c

b
x  , 

3
c

h
y  . 

Semicircle 

 
Fig 48 

Origin of axes at centroid: 
2

2

r
A


 , 

4

3
c

r
y


 . 

 

Sine wave 

 
Fig 49 

Origin of axes at centroid: 

4bh
A


 , 

8
c

h
y


 . 

Thin circular arc 

 

Fig 50 

Origin of axes at center of circle. 

Approximate formulas for case when t is 

small: 

  – angle in radians,   2  ; 

2A rt , 

sin
c

r
y




 . 
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Centroid of a trapezoid 

 

Fig 51 

Origin of axes at centroid: 

 
2

h a b
A


 , 

 
 

2

3
c

h a b
y

a b





. 

 

Centroid of a triangle 

 

Fig 52 

Origin of axes at centroid: 

2

bh
A  , 

3
c

b c
x


 , 

3
c

h
y  . 

2.4   Axial Moments (Second Moments) and Product of Inertia 

Take a cross section of a rod. Relate it to a system of co-ordinates y, z. Isolate an 

element dA from the area A with co-ordinates y, z. In addition to the static moment 

consider the following four integrals:  

2
y

A

I z dA  ,  2
z

A

I y dA  ,     (11) 

yz

A

I yzdA  ,   (12) 

2

A

I dA   ,   (13) 

where the first two integrals (11) are called 

the axial moments of inertia of the section 

with respect to the y and z axes respectively. 

 

Fig. 53 
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The third integral (12) is called the product of inertia of the section with respect 

to two mutually perpendicular axes y and z. 

The fourth integral (13) is called the polar moment of inertia of the section. The 

dimension of the moments of inertia is 4m  (meters in a power of four). 

The axial and polar moments of inertia are always positive and cannot be equal 

to zero. The product of inertia may be positive, negative or equal to zero depending on 

the position of the axes. For example, this value with respect to any pair of axes is zero 

when either of the axes is an axis of symmetry. 

Example 5   The calculation of the axial moment of inertia of a rectangle 

with respect to the central axes cy  and cz  (Fig. 54). 

Given:   b and h – base and height of the 

rectangle respectively. 

R.D.: central axial moments of inertia of a 

rectangle. 

Solution   Let us isolate an elementary area 

dA with the base b and the height dz  at the 

distance z from the axis. 

Since dA=bdz, then  

32
2 2

2

12

h

y
hA

bh
I z dA z bdz





    . 

The moment of inertia with respect to the z-axis is found by a similar way: 

32
2 2

2

12

b

z
bA

hb
I y dA y hdy





    . 

 

Fig. 54 
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Example 6   Calculation of the central moment of inertia of a circular shape 

(Fig. 55). 

Given:   d – diameter of the circle. 

R.D.: central axial moments of inertia. 

Solution   We take dA as 2 d  . Thus 

42
2 3

0

2
32

d

A

d
I dA d


      . 

Referring to Fig 53, we find 2 2 2y z   . 

That is 

 2 2 2 .y z

A A

I dA y z dA I I        Using the symmetry, we can write 

4

64
y z

d
I I


  . 

Example 7   Calculation of axial  moments and product of inertia for right 

triangle relative to axes coincident with triangle legs (Fig. 56). 

Given: b, h 

R.D.: 
1y

I , 
1z

I , 
1 1y zI  

Solution 

(a) Calculation of axial moments of inertia 

As preliminary determined 

1

2
1y

F

I z dA  , where 1 1 1( )dA b z dz . 

Using similarity condition 

 
 1 1 1

1 1
b z h z z

b z b
b h h

  
    

 
. 

After substitution 

1

3 4 3
21 1 1
1

0 0

1
3 4 12

h
h

y
z z z bh

I b z dz b
h h

  
           
 . 

 
Fig. 55 

 z1 

h 
dF 

b z( 1 ) 

dz1 

 z1 

b 

 y1 

 
Fig. 56 
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Thus,  
1

3

12
y

bh
I  , by analogy 

1

3

12
z

hb
I  . 

(b) Calculation of product of inertia 

It is known that for product of inertia 

1 1 1 1y z

F

I y z dA  ,   (a) 

 

where 1 1dA by dz .  (b) 

Equation of inclined boundary АВ is  

1 1 1
z y

h b
  , where 

 

1
1 1

y
z h

b

 
  

 
 or 1

1 1
z

y b
h

 
  

 
.    (c) 

After this, equation (a) may be rewritten: 
 

1 1

1 1

 1 1
22 2

1 1
1 1 1 1 1 1 1 1

0 0 0 00

1
2 2

z zb b
hh h hh

y z
y b z

I y z dy dz z dz z dz
h

         

   
                           

     

2 2 3 4 2 2
1 1 1

2

0

2
.

2 2 3 244

h
b z z z b h

h h

 
    

 
 

 

In result 

1 1

2 2

24
y z

b h
I   .     (d) 

Note that the properties of structural elements such as channels, angles or I-

beams are given in the tables of standard section (assortments). For some geometric 

figures central moments of inertia are presented below. 

 

Fig. 57 
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Assortments of steel products 

Geometrical properties of angle sections with equal legs (L shapes) (GOST 8509-72) 

 

Fig. 58 

 

b  – width of web, 

d  – thickness, 

I  – moment of inertia, 

i  – radius of gyration, 

0z  – distance to centroid. 

 

Designation 

(number) 

b  d  

Area, 
2cm

 

Axes 

0z , 

сm 

Mass 

per 

meter, 

kg 
mm 

X X  0 0X X  0 0Y Y  

xI , 

4cm
 

xi , 

сm 

0  maxxI , 

4cm
 

0  maxxi , 

сm 
0  minyI , 

сm
4 

0  minyi , 

сm 

1 2 3 4 5 6 7 8 9 10 11 12 
2 
 

2,5 
 

2,8 
3,2 

 
3,6 

 
4 
 
 

4,5 
 
 
5 
 
 

5,6 
 

6,3 
 
 
7 
 
 
 
 

20 
 

25 
 

28 
32 
 

36 
 

40 
 
 

45 
 
 

50 
 
 

56 
 

63 
 
 

70 
 
 
 
 

3 
4 
3 
4 
3 
3 
4 
3 
4 
3 
4 
5 
3 
4 
5 
3 
4 
5 
4 
5 
4 
5 
6 

4,5 
5 
6 
7 
8 

1,13 
1,46 
1,43 
1,86 
1,62 
1,86 
2,43 
2,10 
2,75 
2,35 
3,08 
3,79 
2,65 
3,48 
4,29 
2,96 
3,89 
4,80 
4,38 
5,41 
4,96 
6,13 
7,28 
6,20 
6,86 
8,15 
9,42 
10,70 

0,40 
0,50 
0,81 
1,03 
1,16 
1,77 
2,26 
2,56 
3,29 
3,55 
4,58 
5,53 
5,13 
6,63 
8,03 
7,11 
9,21 
11,20 
13,10 
16,00 
18,90 
23,10 
27,10 
29,0 
31,9 
37,6 
43,0 
48,2 

0,59 
0,58 
0,75 
0,74 
0,85 
0,97 
0,96 
1,10 
1,09 
1,23 
1,22 
1,20 
1,39 
1,38 
1,37 
1,55 
1,54 
1,53 
1,73 
1,72 
1,95 
1,94 
1,93 
2,16 
2,16 
2,15 
2,14 
2,13 

0,63 
0,78 
1,29 
1,62 
1,84 
2,80 
3,58 
4,06 
5,21 
5,63 
7,26 
8,75 
8,13 
10,50 
12,70 
11,30 
14,60 
17,80 
20,80 
25,40 
29,90 
36,60 
42,90 
46,0 
50,7 
59,6 
68,2 
76,4 

0,75 
0,73 
0,95 
0,93 
1,07 
1,23 
1,21 
1,39 
1,38 
1,55 
1,53 
1,54 
1,75 
1,74 
1,72 
1,95 
1,94 
1,92 
2,18 
2,16 
2,45 
2,44 
2,43 
2,72 
2,72 
2,71 
2,69 
2,68 

0,17 
0,22 
0,34 
0,44 
0,48 
0,74 
0,94 
1,06 
1,36 
1,47 
1,90 
2,30 
2,12 
2,74 
3,33 
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3,80 
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13,2 
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0,78 
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0,89 
0,89 
0,88 
1,00 
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0,98 
1,11 
1,10 
1,25 
1,25 
1,24 
1,39 
1,39 
1,38 
1,37 
1,37 

0,60 
0,64 
0,73 
0,76 
0,80 
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0,94 
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1,04 
1,09 
1,13 
1,17 
1,21 
1,26 
1,30 
1,33 
1,38 
1,42 
1,52 
1,57 
1,69 
1,74 
1,78 
1,88 
1,90 
1,94 
1,99 
2,02 

0,89 
1,15 
1,12 
1,46 
1,27 
1,46 
1,91 
1,65 
2,16 
1,85 
2,42 
2,97 
2,08 
2,73 
3,37 
2,32 
3,05 
3,77 
3,44 
4,25 
3,90 
4,81 
5,72 
4,87 
5,38 
6,39 
7,39 
8,37 



V. DEMENKO      MECHANICS OF MATERIALS    2020 
 

 

4:29:42 PM   W:\+МЕХАНИКА МАТЕРИАЛОВ W\++НМКД АНГЛ\082 LECTURES 2020\01 Introduction to Mechanics of Materials. Geometrical Properties of Cross Sections of a Rod 
(Part 1).doc 

24 

(finished) 
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Geometrical properties of angle sections with unequal legs (L shapes) (GOST 8510-72) 

 

Fig. 59 

 

B  – width of larger leg, 

b  – width of smaller leg, 

d  – thickness of legs, 

I  – moment of inertia, 

i  – radius of gyration, 

0x , 0y  – distances from the centroid to the 

back of the legs. 
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Geometrical properties of channel sections (C shapes) (GOST 8240-72) 

 
Fig. 60 

h  – height of a beam, 

b  – width of a flange, 

s  – thickness of a web, 

t  – average thickness of a flange, 

W  – sectional modulus, 

i  – radius of gyration, 

xS  – first moment of area, 

I  – moment of inertia, 

0x  – distance from the centroid to the 

back of the web. 
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Geometrical properties of S shapes (I-beam sections) (GOST 8239-72) 

 

Fig. 61 

h  – height of a beam, 

b  – width of a flange, 

s  – thickness of a web, 

t  – average thickness of a flange, 

I  – axial moment of inertia, 

W  – sectional modulus, 

i  – radius of gyration, 

xS  – first moment of a half-section. 
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Centroidal axial moments of inertia for simple figures 

Circle 

 

Fig. 62 
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 

   , 

0xyI  , 
44

2 32p
r dI    , 

4 45 5
4 64x
r dI    . 

Circle with core removed 

 

Fig. 63 

Origin of axes at center of circle: 

 =angle in radians,   ( / 2  ); 

arccos
a

r
  ,  2 2b r a  ; 

2
2

2
ab

A r
r


 

  
 

, 

4 3

2 4

3 2
3

6cx
r ab ab

I
r r


 

   
 
 

,     

4 3

2 4

2

2cx
r ab ab

I
r r


 

   
 
 

,  0
c cx yI  . 



V. DEMENKO      MECHANICS OF MATERIALS    2020 
 

 

4:29:42 PM   W:\+МЕХАНИКА МАТЕРИАЛОВ W\++НМКД АНГЛ\082 LECTURES 2020\01 Introduction to Mechanics of Materials. Geometrical Properties of Cross Sections of a Rod 
(Part 1).doc 

29 

Circular sector 

 
Fig. 64 

Origin of axes at center of circle: 

 =angle in radians,   ( / 2  ); 

2A r ,     sincx r  ,     
2 sin

3
c

r
y




 ; 

4

( sin cos )
4cx
r

I     , 

4

( sin cos )
4cy
r

I     , 

0
c c cx y xyI I  , 

4

2

r
I


 . 

Circular segment 

 

Fig. 65 

Origin of axes at center of circle: 

 =angle in radians,   ( / 2  ); 

32 sin

3 sin cos
c

r
y



  

 
  

  

, 

4
3( sin cos 2sin )

4
x

r
I       ,     

0
c c cx y xyI I  , 

4
3(3 3sin cos 2sin cos )

12cy
r

I         

Ellipse 

 

Fig. 66 

Origin of axes at centroid: 

A ab , 
3

4cx
ab

I


 ,     
3

4cy
ba

I


 ; 

0
c cx yI  , 

2 2( )
4

p
ab

I b a


  . 

Circumference [1.5( ) ]a b ab   ,     

( /3 )a b a  , 

24.17 / 4b a a  ,   (0 /3)b a  . 
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Isosceles triangle 

 

Fig. 67 

Origin of axes at centroid: 

2

bh
A  ,     

2
c

b
x  ,     

3
c

h
y  ; 

3

36cx
bh

I  ,     
3

48cy
hb

I  ,     0
c cx yI  ; 

2 2(4 3 )
144

bh
I h b   ,     

3

12
x

bh
I  . 

Note: For an equilateral triangle, 

3 / 2h b . 

Parabolic semisegment 

 
Fig. 68 

Origin of axes at corner: 

2

2
( ) 1

x
y f x h

b

 
   

 
 

, 

2

3

bh
A  ,     

3

8
c

b
x  ,     

2

5
c

h
y  ; 

316

105
x

bh
I  ,     

32

15
y

hb
I  ,     

2 2

12
xy

b h
I  . 

Parabolic spandrel 

 
Fig. 69 

Origin of axes at vertex: 
3

2
( )

hx
y f x

b
  , 

3

bh
A  ,     

3

4
c

b
x  ,     

3

10
c

h
y  ; 

3

21
x

bh
I  ,     

3

5
y

hb
I  ,     

2 2

12
xy

b h
I  . 

 

Quarter circle 

 
Fig. 70 

Origin of axes at center of circle: 
2

4

r
A


 ,     

4

3
c c

r
x y


  ; 

4

16
x y

r
I I


  ,     

4

8
xy

r
I  ;     

2 4
4(9 64)

0.05488
144c cx y

r
I I r






   . 
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Quarter-circular spandrel 

 

Fig. 71 

Origin of axes at point of tangency: 

21
4

A r
 

  
 

, 

2
0.7766

3(4 )
c

r
x r


 


, 

(10 3 )
0.2234

3(4 )
c

r
y r






 


, 

4 45
1 0.01825

16
xI r r

 
   
 

,     

1

4 41
0.1370

3 16
y xI I r r

 
    

 
. 

Rectangle 

  

a   Fig 72       b 

a) Origin of axes at centroid: 

A bh ,     
2

c
b

x  ,     
2

c
h

y  ; 

3

12cx
bh

I  ,     
3

12cy
hb

I  ,     0
c cx yI  ; 

2 2( )
12

bh
I h b   . 

b) Origin of axes at corner: 

3

3
x

bh
I  ,     

3

3
y

hb
I  ,     

2 2

4
xy

b h
I  ;     

2 2( )
3

bh
I h b   , 

1

3 3

2 26( )
x

b h
I

b h



. 
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Regular polygon with n sides 

 

Fig. 73 

Origin of axes at centroid: 

C = centroid (at center of polygon), 

n = number of sides ( 3n  ), 

b = length of a side, 

  = central angle for a side, 

  = interior angle (or vertex angle), 

360

n



 ,  

2
180

n

n


 
  
 

,  

180    ; 

1R = radius of circumscribed circle (line 

CA), 

2R = radius of inscribed circle (line CB), 

1 csc
2 2

b
R


 , 2 cot

2 2

b
R


 , 

2

cot
4 2

nb
A


 ; 

cI  – moment of inertia about any axis 

through C (the centroid C is a principal 
point and every axis through C is a 

principal axis), 
3

2cot 3cot 1
192 2 2

c
nb

I
   

   
  

,     

2 cI I  . 

Right triangle 

  

a   Fig. 74          b 
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a) Origin of axes at centroid: 

2

bh
A  ,     

3
c

b
x  ,     

3
c

h
y  ; 

3

36cx
bh

I  ,    
3

36cy
hb

I  ,    

2 2( ) /72
c cx yI b h  ; 

2 2( )
36

bh
I h b   ,     

3

12
x

bh
I  . 

b) Origin of axes at vertex: 
3

12
x

bh
I  ,     

3

12
y

hb
I  ,     

2 2

24
xy

b h
I  ; 

2 2( )
12

p
bh

I h b  ,     
1

3

4
x

bh
I  . 

Semicircle 

 

Fig. 75 

Origin of axes at centroid: 

2

2
rA  ,         4

3c
ry


 ; 

2 2
4(9 64)

0.1098
72cx

r
I r





  , 

4

8cy
rI  , 

0
c c cxy x yI I  ,       

4

8x
rI  . 

Semisine wave 

 

Fig. 76 

Origin of axes at centroid: 
4bhA


 ,     
8c
hy  ; 

  3 38 0.08659
9 16cxI bh bh


   ,     

3 3
3

324 0.2412
cyI hb hb

 

 
   
 

, 

0
c c cx y xyI I  ,     

38
9x
bhI


 . 

Thin circular arc 

 

Fig. 77 

Origin of axes at center of circle. 
Approximate formulas for case when t is 

small: 
  – angle in radians,    ( / 2)  ; 

2A rt ,     ( sin ) /cy r   ; 
3 ( sin cos )xI r t     , 

3 ( sin cos )
cyI r t     , 

0
c c cx y xyI I  ,  

3 2 sin 2 1 cos2

2cxI r t
  



  
  

 
. 

Note: For a semicircular arc, ( / 2)  . 
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Thin circular ring 

 

Fig. 78 

Origin of axes at centroid. 

Approximate formulas for case when t is 

small: 

2A rt dt   , 
33

8c cx y
d tI I r t    , 

0
c cx yI  , 

332
4
d tI r t

  . 

Thin rectangle 

 

Fig. 79 

Origin of axes at centroid. 

Approximate formulas for case when t is 

small: 
A bt , 

3 2sin
12cx
tbI  , 

3 2cos
12cy
tbI  , 

3 2sin
3x

tbI  . 

Trapezoid 

 

Fig. 80 

Origin of axes at centroid: 

( )

2

h a b
A


 , 

(2 )

3( )
c

h a b
y

a b





, 

3 2 2( 4 )

36( )cx
h a ab b

I
a b

 



, 

3(3 )

12
x

h a b
I


 . 
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Triangle 

 
 

a   Fig. 81   b 

a) Origin of axes at centroid: 

2

bh
A  ,     

3
c

b c
x


 ,     

3
c

h
y  ; 

3

36cx
bh

I  ,     2 2( )
36cy
bh

I b bc c   ; 

2

( 2 )
72c cx y

bh
I b c  , 

2 2 2( )
36

bh
I h b bc c     . 

b) Origin of axes at vertex: 
3

3
x

bh
I  , 

2 2(3 3 )
12

y
bh

I b bc c   , 

2

(3 2 )
24

xy
bh

I b c  , 

1

3

4
x

bh
I  . 

 


