V. DEMENKO  MECHANICS OF MATERIALS 2020 1
LECTURE 18 Combined Loading of a Bar System (part 1)

1 General Case of Combined Stresses

Let us consider the general case of the rod loading when normal and shearing
forces, bending and twisting moments may occur simultaneously in cross sections of a
rod (Ny #0, Qy#0, Q; #0, My #0, My =0, M, #0).

Iy The determination of critical sections and
1 A a x  points is preceded by the analysis of internal forces

ﬂ b Hl -1 induced in the rod.
a This analysis is made, by using the method
E y _ : :
N E of sections and is completed by the construction of
- AR _ - |
) | bending and twisting moment diagrams together
x z with normal and shearing force diagram.

Fg. 1 In all cases, diagrams of internal forces

distribution are constructed on the axial line of a rod. The magnitude of the force is laid
off along a normal to the axial line. For a three-dimensional rod, the axial line is usually
drawn in perspective and two bending moment diagrams are given in the corresponding
planes of bending.

3
N F3 -
N DA
) ‘Fa
M) ’
Fl
&7
A ﬁ/ - e Rl
Fs QX @
5
F2 a
Ivlz 0 F3 a M}’(X)
(Fa+Fb) ?

Fig. 2

9/8/2020 3:07:56 PMW:\+MEXAHNKA MATEPWANOB W\++HMK[ AHIMMN082 LECTURES 2020118 Combined Loading of a Bar System (part 1).doc



2 V. DEMENKO  MECHANICS OF MATERIALS 2020

Ny (X)=—F; Qy(x)=+F3; Q) =Fy;

Ny () =+F3; Q' (0 =-F; Q) (\=-F;
My(X)=0; My (X)=—FoXly_0=0ly_q=—Foa;
My (X)=—Fpa; My (X)=-FX|y_o=0lx_p=—Fob;

le (X) =—FX|y=0=0ly=g=—Fa;

M (x) =—Fsa— Fixx_g=—Fgaly_p=—Fsa— Fib.

In order to check the strength of the beam we must find in the diagrams the
critical (dangerous) section of the rod, i.e. the section where the maximum internal
forces developing the dangerous state of stress are applied. This section in our case
coincides with the built-in (rigidly fixed) support.

Because of the small magnitude of 7,4 (Q;) and Tmax(Qy) in solid cross-

sections the analysis of rods subjected to transverse bending is made only on the basis
of normal stresses as in pure bending. That is why shearing stresses Tmax(Qz)’

Tmax (Qy) are not taken into consideration.

2 Bending, Torsion and Tension of a Rectangular Rod

As it is seen from the internal force diagrams, critical section of second portion
coincides with rigidly fixed support. It means that we have the following combination
of internal forces:
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As may be seen from Fig. 3 the maximum normal stresses should appear in the
corner points of the section. It means that first potentially dangerous point is located at
the point B.

N, My M
o = OB =t E ®
Yy z
Point B But it should be noted here that the shearing stress at the
point B is equal to zero:
/ meax
Tp.B =0.

Conclusion: there is uniaxial stress(ed) state at the point
B (see Fig.5). The condition of strength is simple
contrast of maximum acting stress with allowable one:

o} M
A max Oy . = I\IX+ y My <[o]. 2)
Fig.5 max A Wy Wz
Other potentially critical points are the points A and C:
Point A N, M
7 Ox A W
7 T / y
'Y c M
O <J4 X TA=T"0 = X
A~ Tmax =7 :
Txy g max ﬂb3
xS
Ox Let us determine the principal

Fig.6 stresses:
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o 1 , 2 2
01’2(3):Ei5 o +4r° .
(712%4-%4/0'2-!-42'2, o9 =0,
03:%—%40'2+42'2.

It should be observed that there is biaxial stress(ed) state at the point A. According to
the maximum shearing stress theory of strength

Teqpp = (01-03)<[0o] 3)
or
N, MY m Y
m _ [ 2 2 m _ || Ny My My
O-QQp,A_ o +4r° <[o], GEOIp_A_ {A +Wy] +4(7/ﬂb3] <[o]. 4
According to the distortion energy theory of strength
2 2
M
NV fo?aa? = [N My g Ml ) (5)
€dp.A AWy ,Bb3
Point C Ny M,
A Oy GC:TJFW_Z;
MX
z'c:Tmax:E
Oy Txz By analogy with the point A
Fig.7
N M 2 M ?
ESA | [ St 25 Y| Bt & <[o], (6)
€lp.c AW, ,Bb3

2 2
v [Ny M M
GGQp.C - [TX+W_ZZj +3(ﬁ’—b§J =lol 0
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It is usual to use formula (2) for determining the dimensions of rectangular

sections with following checking the strength using formulae (4, 6 or 5, 7).

3 Bending and Torsion of a Circular Cross Section

Fig. 8

Due to polar symmetry of cross-section, determine first of all the plane of

resultant bending moment Mg: Mg =JM§+ 'V'22 :

By analogy with the points A and C for the rectangular section

2 2
oM _ [ Ms +4 My <[o], W,=2Wq,
®lp.A(pB) Wh.a Wy |
2 2 2
l _\/Mx+MV+MZ
€0p.A(p.B) Wh.a
or
i
I M™
= S|O 8
®p.A(pB)  Wpa o] o
where 'V'“I:\/M>%+M32/+M22'
v
oV _M <[o] )

eqp.A(p.B) Wn.a
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where M'Vz\/M§+M§+§M§.
4

4 Bending, Torsion and Tension of a Circular Cross-Section

To determine the diameter of a rod we use formulae (8, 9). For estimating the

strength it is necessary to check the strength using the following conditions:

2 2
ol = [&+ 'V'BJ +a| Mx <[o], (10)
Al (Wha Wp
N IMa P (M, )
Uelzc\q/ U_XJr B J +3| =2 | <[o]. (11)
A Wn.a W,O
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