V. DEMENKO  MECHANICS OF MATERIALS 2020 1
LECTURE 23 Examples to Lecture 22

Example 1 Singly statically indeterminate frame

F Given: F, a, El, = const

a a : R. D.: Open static indeterminacy and draw the

normal force, shearing force and bending moment

a diagrams for the frame shown in Fig. 1.
1. Determining the degree of static indeterminacy:
B
A m=4
Fig. 1 n=3,
K=1.

The frame is singly statically indeterminate.

2. We choose a base system by removing the right support (Fig.2):

F
a a a a y
|
a a

i B

L
Base system (BS) Equivalent system (ES)

Fig. 2

3. Draw the equivalent system (Fig. 2). The effect of the support is replaced by
the force X;.

The canonical equation for the system under consideration become

Svert p.B =011X1 +4F =0.
The primary displacements in the frame are induced by bending. Hence, neglecting the
shear and tension-compression of the bars, we draw the bending moment diagrams due
to the given force F and due to unit force Xj:
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2 V. DEMENKO  MECHANICS OF MATERIALS 2020

I, x 1 F H]‘ b 1
X X

yZ VA y Z A
— bii ~ — Il

X X

B
B )
X =1
Fig. 3

Compile a table of bending moments according to the given portions:

Table 1
No Limits of portion My My,
-1 0<x<a —Fx 0
-1 0<x<a 0 0
-1 0<x<a ~F(a+x)=-Fx—Fa 1- X=X

Corresponding graphs of bending moments are:
2Fa

B i,

Fig. 4
We determine the coefficients of the canonical equation assuming that the
rigidity of all portions of the frame is constant and equals to El .
The quantity o6y1 is determined by multiplying the unit diagram by itself. Hence the

area under the diagram for each portion is multiplied by the ordinate of the same
diagram passing through its centroid:

a=[[252) 2o -
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V. DEMENKO  MECHANICS OF MATERIALS 2020 3

We note that the quantities o with i =k are always positive since the areas under the
diagrams and the ordinates are of the same sign.
Further we determine the next coefficient 4 in the equation by the use of

Mohr's method:

1|2 a a 5 Fa’
A =5 [(=Fx)(0)dx + [ (0)(0)dx + [[(— F)(x+ a)] xdx =S E
YLO 0 0 y

We substitute the coefficients so derived in the canonical equation.

This completes the opening of static indeterminacy.

It becomes possible to draw an internal force factors diagrams for the equivalent

system:
yi X 1 F
Y
X
Yz A
~ — 17
X
B )
X1 =2.5F
Fig. 5

Note that after calculation of X; equivalent system becomes statically determinate.

Let us draw an internal forces diagrams:

-l 0<x<a N)',(x)zo, Q) (X)=+F,
!
My (x)=~Fx|,_o=0]_, =—Fa.

-1 0<x<a N (x)=-X;=-25F, Q'(x)=0, M} (x)=0.
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4 V. DEMENKO  MECHANICS OF MATERIALS 2020

- o<x<a Ny'(x)=0, Q" (x)=F-X;=F-25F=-15F,

M;," (x)=-F(x+a)+Xqa| ,_,=—Fal _, :%Fa.

Nx(x) QZ (x) My ()C)
F Fa
@ AT T
g >
o) 1.5F %
2.5F
Fig. 6

Checking the accuracy of result, i.e. checking the equilibrium:

Fa Fa
— T
’1|‘j s
A
2.5F
Fig. 7

Example 2 Two-fold statically indeterminate frame

Given: F, a, El, = const

a a F, R. D.: Open static indeterminacy and draw the
normal force, shearing force and bending moment
u diagrams for the frame shown in Fig. 1
1. Determine the degree of static indeterminacy
_‘fg m=5,
Fig. 1 n=3,
K=2.

The frame is two-fold statically indeterminate.
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2. We choose a base system by removing the right support (Fig. 2):

F
a a a a 1
|
a a
I Bl M
M
Base system (BS) Equivalent system (ES)

Fig. 2
3. Draw the equivalent system (Fig. 2). The effect of the support is replaced by
two forces X; and X, .

The canonical equations for the system under consideration become
{5hor p.B =011X1 + 012X + A =0,
Svert p.B =021X1+ 020X + A =0.
The primary displacements in the frame are induced by bending. Hence, neglecting the
shear and tension-compression of the bars, we draw the bending moment diagrams due

to the given force F and due to two unit force factors:

. x I F . x I F . x I
X X X

z z z z z z
— 17 Z 17 g — 1l

X X . X

B B"<——X1—1 B
X, -1
Fig. 3
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6 V. DEMENKO  MECHANICS OF MATERIALS 2020

Compile a Table 2 of bending moments according to the given portions:

Table 2
Limits of M - -
No . YE My, My,
portion
I-1 0<x<a —Fx 0 0
H-11 0<x<a 0 —IxX=-X 0
HI-111 0O<x<a |-F(a+x)=—-Fx-Fa| -lxa=-a 1x X =X

Corresponding graphs of bending moments are:

My (x) My, (x) My, (x)
2Fa

(BT all”

Fig. 4
We determine the coefficients of the canonical equations assuming that the

rigidity of all portions of the frame is constant and equals to El y-

The quantity 61, is determined by multiplying the first unit diagram by itself. Hence

the area under the diagram for each portion is multiplied by the ordinate of the same

diagram passing through its centroid:

51 :K_a;aj(_ga}r(—ax a)(—a)} ET :g ;3 .

We note that quantities J;; with i=k are always positive since the areas under the

diagrams and the ordinates are of the same sign.

Further we determine the coefficients in the equations by multiplying the diagrams with

1 (axaj(z J 1a°
022 == — 28 T3E
EIy 2 3 3EIy
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V. DEMENKO  MECHANICS OF MATERIALS 2020 7

1 axa axa 1 a’
091 =01p=——|(0x0)+(0)| — + —a)|=————.
n=t= | 00+ 0252+ (252 ) |-
By the use of Mohr's method we determine the remaining coefficients 4 and 4 in

the equations:

1 |3 2 ; 3 Fa®
A :?y (j)—Fx(O)dx+£(0)(—x)dx+g(—Fx—Fa)(—a)dx =§?y,
1|8 [ m3 _ 2] sFal
Mop :?y[(j)(—Fx—Fa)(x)dx]:E{—T—Fa7} :—g?y.
0

Next step is to substitute derived coefficients in the canonical equations. This

completes the opening of static indeterminacy:

3 4 1 3

Aa3% —x, 1 3Fad =0, |[Ax,-1x,+3F-0
3, 2,02 or{3, 2,72
a a O3 —ZX{+=X,-ZF =0.
—7X1+?X2—EF3 =0, 2 1 3 2 6

After solution, Xlz—gF, Xzng.

Note. Negative sign of X; means that its actual direction is opposite to original.
After this we draw the internal force factors diagrams for the equivalent system

which becomes statically determinate:

1 I F
X | 1 osx<a Ny (x)=0, Q (x)=+F,
|
X MY(X):_FX|X:0:O|x:a:_Fa' )
yZ VAl
z 13
K 1 3 lI-1l: 0<x<a N;,I(X)=—X2=—7F’
- X, =" F
B 1
13 z 177
X2:7F
3

I
F|95 My (X)=X1X|X=0:0|X=a:?|:a.
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0<x<a N)I,II (X)=+X1:+§F,

1 13 6
=F-Xo=F-=F=—=F,
2 (%) 2 7 7

M)llll (x)=—F(x+a)+ Xqa+ X, X|x=0:_Fa+$Fa:_;Fa|x=a:§Fa'

N(x) 0.(x) My ()
3
°F F 4 Fa
7 —Fa
8 SO 111 [Elli
6 2
°F d
S 7 S 7Fa éFa
EF EF
7 7
Fig. 6

Checking the accuracy of result

1. Checking the equilibrium:

2. Determining the evidently zero displacement, for example, the slope in point A.

For this, we choose new base system by removing the redundant left rigid support:

Designing the new equivalent system:
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2 F
— X3 =—Fa
A | y 7 Y
A
new New
base equivalent
t 3 system
system 2 X, =2F
A &
Fig. 8 Fig. 9

It is evident, that internal forces in new equivalent system are described by the
equations (*). To calculate evidently zero slope on the left support of new equivalent

system, it is necessary to consider it as the force system and also consider the next unit

system:
Mzl m I
A
- X - X
y Z VA
_ ~ ) I
Ry X
A
Rp
Fig. 10
Internal forces in new unit system are described by the equations:
= 1 = 1
Ra==, Rg=-.
A a B a
MY (x)=0; MU (x)=0; MM (x)=+2x
y\) == My \A)=5 My \A)=+2 7%

The slope in point A is calculated by the following Mohr’s integral:

HAzﬁy zM;,(x)M;,(x)dx+iM;,' (x)M) (x)dx+ZMy' ()M (x)dx | =
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- %yﬁ(—Fx)x (0)xdx+ i(g ij(o)dx + Zl(+g FX — ; Faj(é)dx} =

vl Gl

Example 3 Two-fold statically indeterminate frame

:L[EFaZ—EFaZ}:O.
Ely |7 7

Data: q = 10 kN/m, F=20 kN, M =10 kNm,a=2 m.
Goal: 1) Open static indeterminacy, 2) Draw the graphs N, (x), Q,(x), My (X).

M
M

Y

Y

a q . 7/
E g V] F
Solution

(1) Degree of static indeterminacy

K =m-n, where m=5 — total number of constraints,
n =3 — minimum number of constraints.

After substituting, K=5-3=2.

Conclusion: plane frame is 2-fold statically indeterminate.
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M
M
D a C a A
a q a
E 15 F
N

Fig. 1 Plane frame in equilibrium under external loading and reactions of supports

(2) Selecting the one of base systems
D C A

E B
Fig. 2 Selected base system

Note. Base system should be statically determinate.
(3) Designing the equivalent system
Note. To design the equivalent system, it is necessary to impose on the base system

external forces and also the reactions of redundant constrains X; and X,.
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M—>
M
D C A
®
> ——
q |— A
X
E 1 B F
P _'24_
X7

Fig. 3 Designed equivalent system

(4) Writing the system of canonical equations (compatibility equations) taking into
consideration evidently zero vertical displacements of A and B points in given system.
{5vert-A(X1lX2’F)_0’ _ _ {511X1+512X2 +4F =0,
or in canonical shape
Svert-B (X1, X2,F) =0, 021X1 + 022X + g =0.

(5) Calculating the coefficients of canonical equations.
To find six coefficients 611, 012, d21, 22, A, E, it is necessary to consider the

force system (F) and two unit systems: (1) and (2). These systems are shown on Fig 4.

. I v — 10 10 10
» A M
D C
Yy 4 D C A
: D
X =
v v 17| 7Y e
@) Yl z M 5
q > y I
T 0 M, (x), KNm
> X
E F ;
@
[ B 20 E B
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m, I,
D y C 4 C
G D e /
z z X:=1 T 2
1\ I\ 1 T
0 vl zm . ==
1 Y —(— M, (x).m
I z 11
X
E
— 5 E T B
m, I,
D y C ) D 2 C A
y (+
X
v WARE z 2
yI zm _
@ g |, N SO= i, (x).m
I z 11
X
E B
.77
— 1 P B
X, =1

Fig. 4 The force system (F) (above left) and two unit systems with corresponding

graphs of bending moments

By applying the method of sections the equations of internal forces are

Portion 1-1 (0O<x<2m)

MyF () =—M =-10 kNm,

M!,l(x) =+X x=1x=X, _s=0|, _, =2 m (linear function),

X=2
—|
M Yo (X) =0.

08.09.2020  15:14:.03 W:\+MEXAHVKA MATEPVUANOB W\++HMK[] AHII\082 LECTURES 2020\23 Examples to lecture 22.doc



14 V. DEMENKO

MECHANICS OF MATERIALS 2020

Portion 1l -1l (0<x<2m)

M i (X) = —Fx+gx® /2= —10x + 5x° = 5x ~10x,_ =0)

(parabola),
—1I
M V1 (X) = 0,

My, (x)=0.

Portion 11— 1T (0<x<2m)

xX=2

Myi () =—M - Fa+ga“/2=-10-20+20=-10 kNm,

My, () =+X;(@+X) =12+X)=2+X|,_;=2]

My, (X)=+X ,X= X, _g=0]

Portion IV -1V (0<x<2m)

=2 kNm

=4 m (linear function),

=2 m (linear function).

MyE (X) =+M =M — F(a—X) +qa(a/2-x) =-10(2 - x) + 201~ X) =

=—20+10x+20—20x = —10x|X=0 =0|, _, =-20 kNm (linear function),

My (x)=+X,2a=4 m,

M;\zl (x)=+X,a=2m.

X=2

To simplify further solution, rewrite the equations inside the Table.

Table
Number of — _
. Length, m My (X), kKNm | My (x), m | My, (x), m
the portion:
I-1 O<x<2 -10 X 0
5(x2 —2X) =
H-11 O<x<?2 0 0
=5x2 —10x
-1 O<x<2 -10 2+ X X
V-1V O<x<2 —10x 4 2
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V. DEMENKO  MECHANICS OF MATERIALS 2020

(6) Designing the graphs of bending moments for the force and 2 unit systems (see
Fig. 4).

(7) Calculating the coefficients of canonical equations using Mohr’s method.

1 2 2 2 1 2 2 2
Sp=— szdx+f(2+x)2dx+j16dx =— szdx+j(x2+4x+4)dx+161dx
El o 0 0 El% 0 0
2

:i(§+§+8+8+32J: 1(16 48) 160
EI\3 3 El

3 3E

3 3 2
:i X—+X—+4—+4x+16x
EIl 3 3 2

2 2
521_—[£ 2+x)xdx+j8dx] = {j(2x+x )dx+8jde

0 0
:i 4+§+16 :i 20+§ :ﬁ.
El 3 El 3) 3El

2
_1(8,g)-32
EI\3 3El

2 2 3
522=i szdx+j4dx N R
El 0 0 El| 3
0

1 2 2 2
A = E{ g (—10x)dx + (j) —10(2+ x)dx + | (—40x)dx] =

0
2 2 2 2 2 2
= 1| _10] xdx~10[ 2+ X)dx — 40[ xdx | = — 106 o gy X0 |40 ]
el g . . El| 2 2| 2
0
2
:i(—5x2—20x—5x2—20x2)‘ =L (20-40-20-80)=-2
El 0 El
1 2 2 1 2 2
A == [(-10x)dx + [-20xdx |=—=| —10] xdx —20[ xdx |=
El | . = .
2 22 )
_ 1| 10" 20x :i(-5x2—10x2)‘ =L (20-40)=-2
el 2 2 | E 0o El El
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16 V. DEMENKO  MECHANICS OF MATERIALS 2020

(8) Calculating the coefficients of canonical equations using graphical method.

A == (( 10% 2) x (+1) + (0) + (10 x 2) x (+3)+( 20x2) (4)] 1;0,
_Ei((O)+(O)+(—1O><2)><(+1)+(—202><2j><(+2)j: E(I’
:Ei( +4>2‘4 L= ><4j+(+4><2) (+4)j:%
522_%[ +2>2<2 < ><2j+(+2><2) (+2)j:;—2|,
:Ei( +2>2<2 (O)+(+2x2)x(+1)+(+2>2<2j (+§x2j+(+4x2) (+2)j 36:|
021 = 512—@

(9) Substituting the coefficients into canonical equations to find X4 and X5.

a) First canonical equation is:
811X1+ 812X + A4fF =0,

160, . 68, 160 ,
3EI "' 3EI ¢ E

10 %, +2x,-160=0,
3 3

160X, + 68X, —480=0,

40Xy +17X5 —120=0.

120-17X,

Xq =
1 40

(*)

b) Second canonical equation is:
021 X1 + 022X + g =0,
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68 X1+ 32 Xz—@zo,
3El 3El El
68 32

20 X +25X,-60=0,
3 1T 372

68X, +32X, —180=0,
17X, +8X, —45=0.

Substituting the value of X; from (*) into last equation leads to
17(—120_17)(2 j +8X, =45,
40

%(120—17X2)+8X2=45,

22;10 289X +8X, =45,

2040 — 289X, +320X , =1800,

31X, =—240,
Xy =—230_ 7742 kNm.
31

After substituting the X, value in equation (*) we have

120 17(_ 23410 j 100, 4080 3720+ 4080 00 7800
1= = 31 31 . _ 1 _ 6.200 kKNm.
40 40 40 31-40 1240

As the value of X, is negative, its original direction in equivalent system must be

changed on opposite.
Conclusion: static indeterminacy is opened.
(10) Calculating the internal forces in statically determinate equivalent system shown

on Fig 5.
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m, Iy —
M
D a C
2 - 'Y
y
X > M
Y I\ z 2 —
i 111 a A
a q - I
y
I z > 11
» X X
£ F
e 8 <——
B
Yx,
Fig. 5
Portion 1—-1 (0<x<2m)
NJ (x)=0 kN,

Q) (x) =—X; =-6.29 kN,

M !,(x) =+X1x—M =6.29x-10,_, =-10, _, =2.58 kNm (linear function).
Portion 11-11 (0<x<2m)

NI (x) =+X, =7.742 kN,

Z|| (X) =+F —gx :10—10X|X=0 :10|X—

_, =—10 kNm (linear function),

M§,' (x) =—Fx+qx2/2:—10x+5x2

=0, =-20+20=0 kNm

X

(parabola).

Note, that shear force graph intersects the x axis. In such case maximum bending
moment should be found:
(a) The cross-section of maximal moment is determined by equating to zero the

shear force equation:
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zII (X)=0, F—-0x.=0, gx.=F, X =1m.
(b) The value of maximal moment is determined by substituting the x, =1 m

into the bending moment equation:

M’ (Xe) = —10%e +5x¢ =-10+5=-5 kNm.

Portion 11 -1l (0<x<2m)
NI (x) =—F + ga=-10+20=10 kN,
M (x) =—X{ + X =—6.29+7.742 =1.452 kN,
M)',” (X)=—M + Xqy(a+Xx) — Xox— Fa+qa2/2:
=-10+6.29(2+ x) —7.742x— 20+ 20=-10+12.58 + 6.29x — 7.742Xx =
=-1,452x+2,58|, _,=2,58| _, =-0,314 kNm (linear function).

Portion IV -1V (0<x<2m)
NJY () = X; — X5 =6.20—7.742 = -1.452 kN,
NV (x)=-F +ga=-10+20=10 kN,
MB'/V (X)=+M -M +2aX;-aXy —F(a—x)+qa(a/2-x) =
=6.29x4—7.742x 2 —-10(2 — X) + 20(1 — X) = 25.16 —15.484 — 20 + 10X + 20 — 20X =
=—10x+9.676| _, =9.676| _, =—10.324 kNm.

(11) Designing of graphs of bending moment and also shear and normal force
distributions in the equivalent system.

08.09.2020  15:14:.03 W:\+MEXAHVKA MATEPVUANOB W\++HMK[] AHII\082 LECTURES 2020\23 Examples to lecture 22.doc



20 V. DEMENKO  MECHANICS OF MATERIALS 2020

10 10
1452 D % C 7742 4
) HHH  Ny(x),kNm
1452 F B 7.742
Fig. 6a
1.452 1.452
Dl @0 c 1742 4
= o
n 6.29 6.29
RN
=O= N 0. (x), kN
+
E 10 B 10
Fig. 6b
0.314 10
D@m C M@ﬂA
9,676 X g
2.58 "
150 7,
? M, (x), KNm
10324 E B
Fig. 6¢
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National aerospace university
“Kharkiv Aviation Institute”
Department of aircraft strength
Subject: mechanics of materials

Document: home problem
Topic: Internal Forces in Statically Indeterminate Plane Frames.

Full name of the student, group

Variant: 145 Complexity: 1

q

Given: ¢ =20 kN/m, P=20 kN, /=3 m, /=4 m,a=2 m.
Goal: 1) open static indeterminacy using the force method and draw the graphs

N, (x). 0.(x). M, (x).

Full name of the lecturer

Mark:

signature
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(12) Checking the equilibrium in two rod connections
2.58 2.58
e - —> 0.314
C 10 D
1452l =m oo oo o - — — 6.29 /\\+++++++++
- 10
<t . . . . . 1 — . . . . =
10 -
o+t A+ - - ——— |VL452
- — - ::—_ -
- +
_ +
9.676) = N
- +
—_—
10 Po—
10 A
Y 7.742 1.452
Fig. 7
Example 4 Two-fold statically indeterminate frame (example of home
problem)

Solution
1. Determining the degree of
static indeterminacy.
According to formula, degree of
static indeterminacy IS
K=m-n, where m is total
number of unknown reactions;

n is the number of equations of

static.
After substituting,
K=5-3=2.

Conclusion: plane frame is 2-
fold statically indeterminate.

2. Drawing the frame in scale:
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q
Y VY Y Y Y Y Y
A
F
T
a h
a
/
A B
Y Y
A E—
Hh»

Fig. 1 Plane frame in equilibrium under external loading and reactions

3. Selecting the base system by omitting external forces and reactions of redundant
constraints. The base system should be statically determinate. It is shown on Fig. 2.
4. Creating the equivalent system. The effect of omitted constraints is replaced by their

reactions: the reactive moment in B support X; and the horizontal reaction Xs.

Besides, remained reactions Ra,» Ra, » Rp, are applied to the equivalent system in an

arbitrary directions. Equivalent system is shown on Fig. 3.

q
Y V Y VY V VYV Y
F
—
equivalent
base system
system AX
Ry, 4 B .
-‘- ﬁ X2
Y

A& T

Fig. 2 Selected base system Fig. 3 Selected equivalent system
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5. Designing the system of canonical equations (compatibility equations). From the
view-point of evident zero angle of B-section rotation and horizontal displacement of

B point in selected equivalent system is the following:

0g(X1, X2, F) =0, 011X + 012 X2 + A =0,

or, in canonical shape {
521)(1 + 522)(2 + AZF =0.

5horB (X1, X2, F)=0.
6. Calculating the coefficients of canonical equations.
To find 6 coefficients 611, 1o, AF, d21, J22, b, let us create a force (F) system

and 2 unit systems: (1) and (2). These systems are shown on Fig. 4.

(a) Let us preliminary calculate the unknown reactions in all three systems using the
equations of static:

— for the force system:

> Fx=0; F—Rp =0->Rp =F=+20kN,

2
> Mp=0; RBVI—%—Fa:O% RBV =+50 kN,

sz:O; _qI_RA,+RBV:0_>RAv:_3OkN
— for the first unit system:

ZFX:O; RAh’

> Ma=0; Rg|-M=0-Rg, :%,

. = - - 1
sz:O’ +RA/+RBV IO—)RAV Z—Z.
— for the second unit system:
> Fy=0; —IﬁAh +1:0_>§Ah =+1,
ZMAIO; RBV|=O—)RBV=O,
sz:O; —RA/-l-RBV IO—)RAV =0.

Note, that negative reactions should be changed in their direction before writing the

equations of bending moments. Actual reactions are shown on Fig. 4.
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PR 1
q M g (x), kNm
vV vily v v v 40 ‘ 0
11 11 H
(11 [ +
LI 40 :*g‘?* 40
F
force Y
t .
I p Yy v
z z
X X
S 0 0
RAh -‘- ﬁ
T><
YRAV RB
V —
¥ 1 M, (x), dimensionless
1
II 11 0 +
LI SR |1 =,
first
unit TV v SO=
I system z |-
M =1
X T X
_ - 0 1
RAh - OL l ﬁ
T>< l
YRy, R, B
X 11 M v (x), m
3 3
11 11
_x_l _______ AN i+ as \’E’ﬁE
[ [T
Second 3 [ N[ 3
unit TV v
1 system z
X X
1
~— = 0 0
RAh L ﬁ
' RAV =0 TE Bv =0

Fig. 4 Force system and two unit systems with corresponding graphs of bending

moments
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(b) Now we define internal forces and construct internal force factors diagrams (see
Fig. 4). The point is that the primary displacements in the frame are induced by
bending. Hence, neglecting the shear and tension-compression deformations in the
bars, we draw diagrams for the bending moment due to the given forces F and q in the
force system and also for two unit systems. For this purpose, we compile the Table 1

of bending moments according to the given portions.

Table 1
Number — .
of the | -ength. Myg (X), KNm My, (%), My, (x), m
. m m
portion:
-1 0<x<2 Ra, X = 20X 0 ﬁAhx:x
-l | 0<x<1 | Rp (a+x)—Fx=40 0 Rp, (a+X)=2+x
—RAIX-I-RAhh—F(h—a)— _
-1 | 0<x<4 2 Ry x=2 Rp h=3
—q% — 40+ 30x + 102 ATy &
IV-IV | 0<x<3 0 1 X

(c) The coefficients of canonical equations are determined by the Mohr's method and

are checked by graphical solution:

1|19 1 {(a0x2 30¢ 1044
Aqp=—— —j(40+30x—10x2)xdx - L 2X _
El, | 4 s 2 3 4

0
=1 13204640 640] =+ 2
4E1, El,

AZF—E {jZOxzdx+j40 (2+X) dx+j3(40+30x 10x2)dx]_
Lo

2 4
1 2
_ 1208 +(80x+20x2) +l120x+ 297 1053 |-
EIy 0 2
0 0
:i @+100+480+64O :+@,
Ely| 3 7R
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S = 1y {dex+Ide+I(Xj(4jdx fldx}_+3§’

0
522_— jxxdx+j(2+x)(2+x)dx+j3 3ax + [ xxdx | =+—=——,
Elylo 0 0 0 Ely
2 1 4 3
§_L2:521=i[j0dx+j0dx+j3§dx+jxdx]:+ 2l
E|y 0 0 0 4 0 2E|y
Checking by graphical solution:
1 1x4 )\ 2 13
- |22 2 (3x)(1) |= =
o EIyK 2 j(s}( <3)( )} 3,
1 3x3 1 3x3 21
=y = 0)+(3x4)| = 1) |=+ 2,
O =021 Ely ( > j( )+(3x )(J{ > j( )} +2E|y

529 :éy{ 3;3J(§x3j+(3x 4)(3)+(3>2<3j(§><3ﬂ :+:T4y.

7. Calculating the reactions of redundant constrains X, and X, in equivalent system.

After substituting the coefficients into the canonical equations we obtain:

—13 X1+1O—'5X2 80 0,

3Ely Ely EI X1 =+25.6 KNm,
1 —

10.5 X, + 54 x2+713'3:o X, =-18.2 kN.

El, El, El,

This completes the opening of static indeterminacy since unknown reactions X; and
X5 in equivalent system are found. Three remaining reactions will be calculated from

equations of static.

8. Calculating the internal forces in equivalent system and drawing their diagrams.

(@) Preliminary calculating the reactions of supports using the equations of static.
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L S F, =0:
F-X,—Rp =
Y V VIV V VY 2 Ah O_>
X
I moy[ X >Ry =F —X,=20-182=+18kN,
X i Z 27
F ZMAIOZ
x X
I | IV IV q|2
Y z z )y RB |+X1———Fa:O—)
X B X *X] v 2
- A -
Ryy A\ X y :A: —)RBV:%[ZOx2+20>2<16—25.6}:,
=+43.6 KN
TRAV TRB +43.6

> Fy=0:

RA\, _qI+RBV =0—>

Fig. 5 Equivalent system after finding
X1 and X,. They are shown in actual
directions. —>Rp, =20x4-436=+36.4 KN .

Note. Positive signs of calculated reactions correspond to their actual directions.

(b) Writing the equations of the functions N, (x), Q,(x) and My(x) in an arbitrary

sections of each portion:
Portion I-I: 0<x<a
Ny (X) =—Rp, =-36.4kN,

Q(X)=Rp =+18kN,

=0
x=0

=+3.6 KNm.
X=2

My (x) = RAhx:l.Sx

Portion Il-1I: 0<x<(h-a)
Ny (X) =—Ra, =—36.4kN,
Q;(x)=Rp —F=18-20=-18.2kN,

=3.6
x=0

My(x):RAh (a+ X)—FX:3.6+1.8X—20X =-14.6 KNm.

X=

Portion lHI-111: 0<x<I
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Ny(x)=Rp —F=18-20=-18.2kN,

=36.4
x=0

=-43.6 kN.
X=4

Q;(x) = RAV —0X

Note, that the change of Q,(x) function sign from "+" to "—" predict bending moment
extreme value within the boundaries of the potion. Let us find the coordinate of the

cross-section with extreme bending moment by equating to zero shear force function:

R
Qz(Xe):RA\, —quIO%Xe=%=%=1.82m.

gx°
My(X):RAVX-i- RAhh—F(h—a)—7:

=36.4x —14.6 —10x° =-14.6 =-29 =+18.5kNm.
x=0 X=4 Xe=1.82
Portion IV-1V: 0<x<h,
Ny (x) =—Rg =—43.6 kN,
Q,(x)=X, =+18.2kN,
My (X) =—Xox+ X, =—-18.2x+25.6] =256 =—29kNm .
x=0 x=h
Corresponding graphs are shown in Fig. 6.
x,=1.82m 0., kN
Ny, kN 36.4 g
364 43.6 +
18.2 Sl = T
- 18.2
- 43.6
= —(—)—] = (]
®H
364 0 43.6 0 0 0 182
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My,kNm
x,=1.82m 29
14.6 g
S -
146 <2 29
;S ¥ W
3.6 185
®
0 25.6 0
Fig. 6 Internal forces in given statically indeterminate frame
9. Checking the results.
(a) Checking the equilibrium of two infinitely small segments of the frame.
—> 14.6 29 -— 436
e e e el e el B |+++++++++++
N 18.2 ' 182 N
e —
- +
US p—— 364 | | |y[E=Z=Z==Z +
+ — —
" - - dy dy — _ i
- - — +
+ — _ +
+ Z ) 146 29 ) - +
+ _ \ 1 - +
— -
A 182 18.2
36.4 43.6
. dx . dx _
Fig. 7

(b) Calculating the evidently zero vertical displacement of A point.

For this purpose, we should select, first of all, new base system (see Fig. 8).
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In our case, we selected the base system in which really immobile in vertical and
horizontal directions left support A is free. As has been noted earlier, it is statically
determined. Corresponding equivalent system is shown on Fig. 9. Due to static
equivalence of both equivalent systems (compare, please, Figs. 3, 9), reactions X3 and

X4 in left support A are known from our solution: X3 =1.8kN, X, =36.4KkN. Next

evident feature of new equivalent system is in evidently zero linear displacements of A
point. It means that future calculating the vertical displacement must lead to zero
result. For this purpose, according to the Mohr's method, new equivalent system will
be considered as the force system, and unit system will be designed applying vertical
unit dimensionless force in A point. Both these systems are shown in Figs. 10 and 11.

new
base
system
A B
Fig. 8
¥ 111
o I
x| Y Z 21
new unit
% system X
all I v IV
y z z
X R X
4 Zh
A &
1 M R
_ 7 Rp
Y&z,
Fig. 10
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q
Y V V VY VY VY
F
new
equivalent
system
X3 A
- —
A
Xy
Fig. 9
X 111
q
Y V YIYy ¥ y| Dew
an * " I equitvalent
- system =
i_i : Ilj/// force
F system
x X
I I 1A% IV
y z zy
X
Al Rg, Bl W
3=
~1.8kN A/ Mg,
X4=36.4kN
Rg,
Fig. 11
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Before multiplying bending moment equations of the unit and force systems in the
Mohr's integral, it is necessary to calculate the reactions in rigid support of both
systems. For the force system, these reactions are known from previous solution:
Rg, =18.2kN, Rg =43.6kN, Mg, =25.6 kNm. For the unit system, the reactions

are calculated from the equations of equilibrium:

ZFXZO—)ﬁBJl, B
ZFy =0=1- RBV_—) RBV I_l,
ZMB =0=1'|—MRB —)MRB =4m.

Bending moment equations of the force and unit systems are introduced into Table 2.

Table 2
Number of the portion: | Length, m My (x), KNm My(x), m
-1 O<x<2 X3x=1.8X 0
-1 O<x<1 Xz(a+Xx)—Fx=3.6-18.2x 0
ax°
-1 O<x<4 | F(N=8)==—+Xgx+ Xgh= X
= -10%° +36.4x —14.6
V-1V O<x<3 MRB —RBhX=25.6—18.2X 4

Vertical linear displacement of A point is:

Lo 0

2 1 4 3
1 2
5AV:?{J'de+Ide+Ix(36.4x—14.6—10x Jox+ [4(25.6 -18.2x)dx |-
1 {36.4x3
y

4 4 3 2
_10x _728%

3}
0 0 0 2 o

= i[776.53 -116.8-640+307.2 - 327.6] = i(A— B) = i(1083.73 —1084.40).
Ely Ely Ely

Error of calculating:

_(A=B) 1100, _1083.73-1084.40 0 o0 o
1083.73

4

0
4 2
_14.6x +102.4%

0 2

El 3

A

08.09.2020  15:14:.03 W:\+MEXAHVKA MATEPVUANOB W\++HMK[] AHII\082 LECTURES 2020\23 Examples to lecture 22.doc



