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Design problem 
for solid and hollow uniform shafts 

 
Goal: 
(1) to determine internal torque 
moment in the shaft cross-sections 
and to design the graph of it’s 
distribution (clockwise rotation is 
assumed to be positive); 
(2) calculate the diameter of solid 
shaft satisfying conditions of strength 
and rigidity; 
(3) calculate the diameters of hollow 
shaft satisfying conditions of strength 
and rigidity, taking into account 
thickness ratio / 0.8d Dα = = ; 
(4) draw the graphs of stress 
distribution in critical cross-sections 
of both shafts; 
(5) determine the type of stress state 
in an arbitrary point in critical cross-
section of solid shaft; 
(6) compare the weights of one 
meter-in-length solid and hollow 
strong shafts; 
 

(7) calculate the angles of rotation for solid shaft and design the graph of twisting angle 
distribution. 
Solution 
1. Determine internal torque moments in an arbitrary cross-sections of the shaft applying 
the method of sections. Corresponding sign conventions are shown on Fig. 1. The shaft is 
shown on Fig. 2. 
 
 

 

 

 

Fig. 1 

 I-I  (0 x c< < )  3( ) 40I
xM x M= =  kNm, 

 II-II  (0 x b< < )  3 2( ) 40 70 30II
xM x M M= − = − = −  kNm, 

 III-III (0 x a< < )  3 2 1( ) 40 70 10 20III
xM x M M M= − + = − + = −  kNm. 

 

The graph ( )xM x  is shown on Fig. 2. 
In result, ( ) 40xM x =  kNm and I–I section is critical. 
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Note, that the graph ( )xM x  demonstrates that ( ) 20 kNmIII
xM x = − . It allows determining 

the value of unknown moment 0M . Actually it has opposite direction of rotation, which is 
shown on Fig. 2 according to Fig. 1. 
 
 

 
 

Fig. 2 
 
2. Calculating the diameter of solid shaft:  
 

2.1 satisfying the condition of strength: 
 

 [ ] [ ]
max max

3
3 3max 6

16 16 40 10 0,127
3,14 100 10

x xM M
D

Wρ

× ×
τ = ≤ τ → ≥ = =

π τ × ×
 m. 
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 2.2   satisfying the condition of rigidity: 
 

 [ ] [ ]
max max

3
4 4max 2 10

32 180 32 40 10 180 0,131
3,14 8 10 1

x xM M
D

GI Gρ

× × ×
ψ = ≤ ψ → ≥ ⋅ = =

π ψ π × × ×
 m. 

 
Finally, the solid shaft diameter is 0,131D =  m. Note, it was calculated satisfying 
the condition of rigidity, i.e. max [ ]ψ ψ= .  
3. Calculating the diameters of hollow shaft in / 0,8d Dα = = :  

 
3.1   satisfying the condition of strength: 

 [ ]maxxM

Wρ
τ = ≤ τ , 

 ( ) [ ]

3 3
4 33 4 6

16 16 40 101 0,151
16 (1 ) 3,14 100 10 0,5904

maxMDW Dρ
π × ×

= − α → = = =
π τ − α × × ×

 m, 

 0,8 0,121d D= =  m. 
 
3.2   satisfying the condition of rigidity: 

 [ ] ( ) [ ]

4
4 4max 4

32 1801
32 (1 )

max maxM MDI D
GI G

ρ
ρ

π
ψ = ≤ ψ → = − α → = × =

ππ ψ − α
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4
2 10
32 50 10 180 0,149

3,14 8 10 1 0,5904
× × ×

= =
× × × ×

 m,    0,8 0,119d D= =  m. 

Finally, the hollow shaft diameters are 0,151D =  m and 0,8 0,121d D= =  м. Note, 
they were calculated satisfying the condition of strength, i.e. max [ ]τ = τ . 
 
4. Drawing the graphs of stress distribution in critical cross-section for two designed shafts. 

 

4.1   for solid shaft: 

3

3
max max

max 3
16 16 40 10 90.7

3.14 (0.131)
x xM M
W Dρ

× ×
τ = = = =

×π
 MPa. 

Note, that maxτ is less than allowable stress for the shaft material since its diameter 
was calculated satisfying condition of rigidity, i.e. [ ]maxψ = ψ . 

 

4.2   for hollow shaft: 

3

3
max max

max 3 44

16 16 40 10 100
3.14 (0.151) (1 0.8 )(1 )

x xM M
W Dρ

× ×
τ = = = =

× −π − α
 MPa. 

Note, that maxτ is equal to allowable stress for the shaft material since its diameters 
were calculated satisfying condition of strength, i.e. [ ]maxτ = τ . 
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The graphs of stress distribution are shown on Fig. 3. 
 

 
Fig. 3 

 
5. Analysis of the stress state type in an arbitrary point A of critical section of solid shaft 
with polar coordinate /10r D= . 
 

 
Fig. 3 

 
3

max max max
4 3 3

32 3.2 3.2 40 10 18.1MPa
10 10 3.14 0.131

x x xM M MD D=
I D Dρ

τ
π π

× ×
× = × = = =

×
. 

Conclusion: stress state is biaxial and deformation is pure shear. 
 
6. Comparing the weights of one meter-in-length segments of strong solid and hollow 
shafts. 
The left graph of stress distribution shows that the core of solid shaft is under the action of 
low stresses, i.e. this part of cross-section is underloaded and can potentially withstand 
larger stresses. This part of the cross-section material may be used more effectively if it 
will be situated as far as possible from the cross-section centroid. Taking into 
consideration this idea, hollow shaft must be more effective in weight to withstand the 
same torque moment.  

Check this idea and find relationship of the weights of the same in length solid and 
hollow shafts: 

( )
2 2

2 22 2
1m 4
1m 4

G V A D D
G V A D dD d

γ × π
= = = =

γ × −π − π
. 
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Note, that to compare the weights, we will use the diameters which were determined from 
conditions of strength. Then  

2

2 2
0.127 1.97

0.151 0.121
G
G

= =
−

. 

Conclusion. Solid shaft is approximately 2 times greater in weight than hollow 
one due to more effective distribution of material in hollow shaft. This advantage will 
depend on the thickness ratio α : increase of α  leads to decrease of hollow shaft 
weight. 

 
7. Designing the graph of twisting angle distribution for solid shaft. 
Note, that its diameter is 0.131D =  m. 
To design the graph, we will use the formula  

( )( ) xM xx kx
GIρ

ϕ = =  – linear function of the shaft length. 

Also, angles of twist for C, B, A cross-sections we will calculate relative to reference D-
section: 

 
3

2
10 4

20 10 2 32 1.73 10
8 10 3.14 0.131

III
x

C DC
M a
GI

−

ρ

− × × ×
ϕ = ϕ = = = − ×

× × ×
 rad. 

 
3

2
10 4

30 10 3 321.73 10
8 10 3.14 0.131

II
x

B DB DC CB DC
M b
GI

−

ρ

− × × ×
ϕ = ϕ = ϕ + ϕ = ϕ + = − × + =

× × ×
 

2 2 21.73 10 3.89 10 5.62 10− − −= − × − × = − ×  rad. 

 
3

2
10 4

40 10 4 325.62 10
8 10 3.14 0.131

I
x

A DA DB BA DB
M c
GI

−

ρ

× × ×
ϕ = ϕ = ϕ + ϕ = ϕ + = − × + =

× × ×
 

 2 2 25.62 10 6.92 10 1.30 10− − −= − × + × = + ×  rad. 

Corresponding graph is shown on Fig. 2. 

 


