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Given: ¢ =10kN/m; P =20kN; M =10kNm; [O']=160MPa; a=2m,
b=3m;c=4m.

Goal:

1) write the equations of internal forces and moments in an arbitrary cross-
sections of the rod system and draw the graphs of their distributions along the
length of rod portions;

2) for the last portion: a) calculate the diameter of round solid cross-section; b)
dimensions of rectangle solid cross-sectionin #/b=2.
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Solution

Given:

g=10kN/m,

P=20kN,

M=10kNm,

a=2m, b=3m, c=4m,
[s]=160MPa.

Goal:

(1) To write the equations of interna
forces and moments in an arbitrary
cross-sections of the rod system and
draw the graphs of their distribution
along the length of the rod.

(2) For the last portion:

a) caculate the diameter of round
solid cross-section;

b) calculate dimensions of rectangle
solid cross-sectionin h/b=2.

Note. In this design problem
solving, principle of superposition
will be applied to estimate total
effect of different internal forceson
the stress state of potentially
critical points of critical cross
section.

1. Sign conventions for internal forces and moments are the following (see Fig. 1):

a) for shear forces:
m

b) for normal forces:
m
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Qly" > 0; Q7 (y) <0; Nyt ™M >0; N M <o
c) for bending moments:
m " M " , Inthe case of coincidence of the rod
M Il curvature with corresponding axis
Jorz B M (y or 2), the bending moment will be
— =] Jors assumed as positive. The graphs of
LR bending moments My (x) generated
zory " zory by vertical forces will be drown on
m tensile (+) fibers as well as bending
My >0 Fig.1 My <0 moments M ,(x) generated by

horizontal forces.




2. Writing the equations of internal forcesin an arbitrary cross-sections of the portions and
drawing their graphs.

I1I

-1 O<x<a, a=2m
NJ () = P =+20kN,
M (X) = OkNm,

QL(x)=agx | =OkN | =20kN,
x=0 x=2

My () =+ax= | =OkN | =20kN,
2x=0 X=2

Qy(x) =0kNm,
M} (x) = 0kNm.

-1l 0<x<b, b=3m

NY (x) = 0kN,

MY (x) =qga®/2=20kNm,

Q! (x)=- P+ga=-20+20=0kN,

My (x)=- Px+gax | =OkNm | =0kNm,

x=0 x=3
Qy (x)=- P=-20kN,
MI(x)=+Px | =OkNm | =60kNm.
x=0 x=3

[l O0<x<c, c¢c=4m
NI (x)=- P=-20kN,




M (x) =M - Pb+gab=10kNm,
é” (X) =-P+qga=0kN,

M (x) =- Px+dax- ga= | =-20kNm | =-80+80- 20=-20kNm,
2x=0 x=4
Qy' () =0kN,
M M (x) = Pb =60 kNm.
3. Drawing the graphs (see Fig. 3):
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4. Checking the solution, i.e. checking the equilibrium in the angular parts of the rod system
(see Fig. 4).
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Fig. 4
Since the angles are in equilibrium, the internal forces are determined correctly.

5. Calculating the diameter of round solid cross-section for the last potion
First of al, let us determine the critical cross-section basing on the analysis of M,

and M, moments distribution. In our case, all cross-sections are equicritical since internal
forces are constant throughout the last portion length. After omitting shear forces Qy and

Q. , remaining four internal forces are the following:

N =20KN, [M,|=10kNm, [My|=20kNm, [M ]| =60kNm.




They are applied to the critical section as shown in the Fig. 5:
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Due to polar symmetry of cross-section it is possible to describe two bending moments
My and M, by resultant bending moment Mg and determine unique critical point A in

the section:
Mg :\/M J+M2 =202 + 602 = /4000 = 63.245 kNm.

Before writing the condition of strength in this point to solve design problem and
determine the diameter it is necessary to estimate its stress state (see Fig. 6):
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Since stress state is biaxial, we should use the corresponding strength theory, for example,
the maximum shear stress theory:

2 2

[ aN Mg O &M, O
Seq(p.) =Vs “+AZE[s], seqpa) = o oo+ +4§_Xi Efs].

éA Wiag W 5

In the first approach, we will ignore s (N, ). Simplified condition of strength becomes the
following:

2 2 \/M2+M2+M2
Sy = |4k g[s] or VYT X glg].
Wn.a. Wr Wn.a.

L et us denote
M S =\/M§+M§+M§ =102 + 202 + 602 = 64.03kNm.




Resultant condition of strengthis
1l M [s]
S A =—£|s|.
eq(p.A) W o

S . far 103
w.3M_ @ D3f\’>/32 6403 3 1€? =0.16m.
[s] 3.14° 160" 10

In the second approach, check the point A overstress using complete condition of strength:

2
a%e4N 32MBo aé.6Mo

S jum - 4 -

2 2

, s an3 , c 1036 30
= ot 20 102+32 63.24 130 -+ 4o16°10"10° 0 103: =160.20" 10°% Pa=160.20 MPa
§3.14' 016° 3147 016° 3 §314 0.16%

Estimate the overstress:

[s]. 100(%%' 100=0.125%.

= ==

S0, the overstressis within the accepted limit of 5%.
6. Calculation of rectangle cross section dimensions.
(a) determining the potentially critical cross-sections.

In this case of loading, the internal forces are constant throughout the length of the last
portion. So, in an arbitrary section,

M| =10kNm, |My|=20kNm, [M,|=60kNm, [Ny|=20kNm.

Let us orient the cross section this way because M , islarger than My, to design more
effective section in strength-to-weight ratio (see Fig. 7):
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(b) drawing the graphs of stress distributions (see Fig. 8):
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(c) determining the potentialy critical points.

In this case of loading, A, B and C points are potentially critical after analysis of stress

distributions (see above). We will write the conditions of strength in these points and

calculate three pairs of dimensionsto select the largest pair.

(d) conditions of strength in potentially critical points of the section (see Figs 9, 10, 11).
Point A

a(N,) s A|:‘S (Nx)"'smax(My)"'Smax(Mz)"
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™ O'ma)J:(Mz) ta=9.
Fig. 9 X




Stress state is uniaxial and condition of strength is [s may|£[s | :

‘. |_|Nx| My Ml g
Wy, W, ’
Nx+6My+6Mz:Nx+3My 3M E[S]

bh  hb?  bh? 26> b3 23
In the first approach, we will ignore s (NX) and write ssimplified condition of strength:
SMy . £[s], 3My+3Mz/2_§/3' 20" 103+3" 60° 103/2 _
b° 2b3 [s] 160" 10°
=J0.9375x10°3 =0.098 m.
In the second approach, we check the overstress at the point A:

3M
N + 228+ Mz - 1041233+ 6475+ 95623.422) " 10° =
262 b 2b
=161.41" 10° Pa=161.41MPa.
Estimate the overstress

S mex| =%

bs =Smac 18] 0006 %' 100% = 0.26%.

[s]

Conclusion: overstress is within the accepted limit of 5%.
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Stress state is plane and for condition of strength designing we will use corresponding
strength theory.

s(';q'(pB) Vs 2 +4 £[s]

2 2
1 _ [&Ny  3M, M, O
S = +4 - £[s|.
ea(pB) \/Szb2 23 TS [s]




In the first approach, we will ignorethe s (Ny) component:

2 2
3 i/\/(3|\/|Z/2)2+4(g|\/|x/2a)2 4[5 60" 10%12)" +4(0795" 10" 10%/(2" 0.248))"

[s] ) 160" 10°
=0.084m.
In the second approach, we estimate the point B overstress:

2 2
S”I( B):\/%+—3MZS +4&Q—MX9 =
P 2 235 &2abdp

2 2
ae 3 fen 103 6 @ ca0 103 O
_ [®2010° 3 60 103% 440 07957 10" 10 + = [ 65 101 =
gz (0.084)* 27 (0.084)°%; &2 0.246" (0.084)°;
=162.67" 10° Pa=162.67 MPa.

|||
Overstress Ds = >-S9(PB) - [s ]'100%:1.67%.

[s]

So, the overstress is within accepted 5% limit.
Point C
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Stress state is plane and we will use corresponding strength theory to write condition of

strength:

sé('q'(p_c) =52 +4 2 £[s],

2
i _ |eN,  3M 6 4 &My &
Seq(p-C)‘\/Q —+ E[s].

sof=]

22 R 5 s
In the first approach, we WI|| ignore s (NX) component to simplify the condition of
strength. In result,
2 2 e one 103)2 A3 2
(am, ) +4(M,/2a)2 (3 20 10°) +4{10" 16%/2" 0.246)

b3 4 X =

[s] 160" 10°

=0.077m.
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In the second approach, we estimate the overstress at point C applying full condition of
strength:

.2
SIII C) = %+—3My9 +4$MX .9.2:

e2b
2 2
® 207100 37201039 @ 107 10° 0
+ - +4Q =~ =

=1l& 2 3 . 3.
§2° (0.077)° (0.077)° 5  &27 0.246° (0.077)°

=+/2.565" 10 =160.15" 10° Pa=160.15 MPa.

11
S - |S ’ _
Overstress Ds = —-2(PC) [s]. 100% = 180 1150 160 1 009% = 0.09%.

[s]

So, the overstress is within the accepted 5% limit.

(e) selecting the largest pair of dimensions.
The values of b & h from the three potentially critical points are the following:

p. A b=0.098m, h=0.196m,
p.B b=0.084m, h=0.168m,
pC b=0.077m, h=0.154m.

We choose the largest values, so b=0.098 m and h=0.196 m.

5. Comparing the rectangle dimensions with the round section diameter.
(@) the diameter of round solid cross sectionis 0.16 m.

(b) theh & b of solid rectangle cross section are h=0.196m, b=0.098 m.
Conclusion: h>D (0.196>0.16).
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