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Given: two-span beam (see back of cover and Fig. 1), M =10kNm, q=20kN/m,
a=3m, b=2m, c=2m, d =1m.

It is necessary:

1) open static indeterminacy using three moment equations and design My(x) and

Q, (x) diagrams;
2) open static indeterminacy using force method and design My(x) and Q,(x)

diagrams;
3) compare the results.

Solution:
(A) Application of the equation of three moments.
(1) First of all we determine the degree of static indeterminacy according to the
formula
k=m-n,
where k is the degree of static indeterminacy, m is the number of unknown reactions, n
is the number of equations of static equilibrium. So, m=4;n=3 and k =1. The fact of the

beam being singly statically indeterminate gets obvious.

(2) Designing the equivalent system (see Fig. 1). It is developed by introducing
virtual hinge into mid support cross section and adding into it unknown internal bending
moment M =X;. Also, internal bending moments in left and right supports are
represented in equivalent system by two concentrated moments My and M,. They are

calculated by applying the method of sections using sign conventions shown on Fig. 2.
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Note, that the moments Mg, M, M, are applied in their positive directions
according to the sign conventions, shown on Figs. 2, 3.




Sign conventions:

a) for shear forces b) for bending moments
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The values of the moments Mg, M5 are the following:

2
Moz—%?xgaz—&ﬂ¢mm Mzz—ggcﬂDkNm.
(3) Calculating the unknown bending moment Mj; from the equation of three
moments.
In general, the equation of three moments looks like:
MOI1+ 2M1(|1+|2)+ M2|2 =—6El (O(+ﬂ),
where lyand |, are the lengths of the left and right span respectively, Mg is internal
moment in cross-section of left support, M; — unknown internal moment in cross-section
of middle support, M, is internal moment in cross-section of right support.
We have already defined the values of My and M,. For our case, || and |, are

correspondingly the lengths of left and right spans which are equal to b=2 m and
c=2 m. The angles «, g are really the slopes which are generated by only external forces
and moments applied correspondingly to the left and right span: « — angle in right support
of left span and £ — in left support of right span. Note, that external forces and
moments which were earlier included into Mgy, M, calculating, should not be
included into «, § calculating. Left and right spans are shown on Figs 4 and 5 with
corresponding shapes of deflected curve under loading mentioned above. Due to the M
external moment is applied in midsection, it may be considered as the deflection generator
of left or right span, depending on our wish. It this solution, we will assume the M moment
be applied to left span. Note also, that the angles corresponding to convex deflection
are assumed to be positive in three moment equation and vice versa.
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(@) Let us define the « and g angles using well-known formula from teaching aids:

Mo 20 {kNmz}
a<0 a=- =— ik

3EI 3El

Note, that « <0 due to concave shape of left span deflection curve which is assumed
to be negative in proving three moment equation. Due to this assumption £ angle will also

be negative:
3 2
qc 20 | KNm
<0 =— =— :
g d 24EI 3EI { El :l

(b) Let us define the ¢ and £ angles using Mohr’s method. For this purpose, we will
consider the left and right spans under external loadings as the force systems (F) and will
design two corresponding unit systems applying unit dimensionless moment M =1 in

right support of the left span (to calculate « angle) and unit dimensionless moment M =1
in left support of the right span (to calculate £ angle). Note, that unit moments are

applied in arbitrary directions and results of calculation may be positive or negative
depending on the M =1 direction.
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Calculating the reactions in the unit systems (clockwise rotation is assumed to be
positive):
leftspan > Mg =0=—-Rpp+M — Rp=1/b=05m, Rg'=Rp=0.5m,

rightspan  >Mpgr=0=Rzc-M — R;=1/c=05m, Rgr=R:z=05m.




Calculating the reactions in the force systems:
left span > Mg =0=-Rpb+M — Rp=M/b=10/2=45kN, Rg =+5kN,

rightspan > Mpgr=0=R:C —qm02/2 — Rg =+20kN, Rpg"=Rc =+20kN.
Equations of bending moments are the following:
left span M;,F(x):—RAx:—Sx,

Mly(x):ﬁAx:O.Sx.

right span M )',,: (x)= qx% /2 — REx = (10x% — 20X),

My (x)=-M +Rx = (~1+0.5x).
Results of the Mohr’s method calculations are:

1[¢b 1 b3 20
o= E_IO (—5X)(O5X)dx:| = E|:—25?:| = —a,
1 2 .20
,B_E_J'O(lox —20x)(—1+0.5x)dx}_+ﬁ.

Taking into account the notations mentioned above, negative values of these angles,

e, a= —% and g = —% are substituted into three moment equation:

—60)x2+2M¢(2+2)+(+10)x2=—6El| ————|.
(-60)2-+ 2My (2+2) +(+10) -=-Z2]
After substituting we obtain the result: M;=+22.5kNm. It means that static

indeterminacy of specified beam is opened and it is possible to determine the internal
forces in equivalent system shown on Fig. 1. Note, that in the case of negative M; value

it should be applied to both spans of equivalent system in opposite directions.

(4) Considering the left and right spans separately and constructing the internal
force factors diagrams for each of them. The spans are shown on Figs. 8 and 9.

(a) left span (see Fig. 8). Note, that clockwise rotation is assumed to be positive in
the reactions calculating.

S Mg =0: —qL;@a+bj+ RagiyD+M — My =0.
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(actual direction downwards).
Checking:
F, =0: Oma R Rg . =0 20 3 66.25+36.25=0.
z z = +—_ Aorlg+ orlg_ - T_ +

Equations of internal forces are the following:
I-1: 0<x<b

Q} (x) =Rf, ,, =+36.25kN,
M (X) = ~Rf o X~ M + My |y _g=125]_p= 60 kNm,

IH-1l: 0<x<a
2

orig

I =Y _ OmX
; (X)=Rp . RAMg+ g

| ' X
My (x) =—Rg,, (x+b)-M +|\/|1+R,Awigx—0‘—|X 0=—6014_g=0.




(b) right span (see Fig. 9). Note, that clockwise rotation is assumed to be positive
in the reactions calculating.

2 2
. _Omd”  Gmc” | o
> Mc=0: — mZ + mz + Ry 6+ M1=0.
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(actual direction downwards).
Checking:
> F,=0: —q(c+d)+ R, + Rgact =0 —» —-60+33.75+26.25=0.
Equations of internal forces are the following:
I-1: 0<x<d

Q; (X) = ~0mX lx=0=0lx=q = —20(kN),

| OmX°
My (x) = m2 [x=0=0lx=d =10(kNm).

1 —II 0<x<c
(x) =-Rg_, +UmX|x=0=—26.25|x-c=13.75kN,

2
I " OmX
My () =My = Rf, X+ 5 |x_g=22.5|y_c=10 KNm.

Extremal bending moment calculating:

R"
1 _ " _ _ Bact _ 2625 _
z (Xe)=-Rg_ +0%=0 — Xg= 0 20 =1.31m
2

| | " mXe 2
My (%) =Ml =M —Ractxe+ ¢~ =10-26.25x131+ 20x1.31%/2=~3.34(KNm).

By connecting the graphs of internal forces for two spans we get the solution of the
problem shown on Fig. 10.

(B) Solution by the force method.

First of all let us choose the base system (BS) and design corresponding equivalent
system (ES) (see Fig. 11). Designing correspondent equivalent system is also shown on
Fig. 11. The effect of middle support is replaced in equivalent system by unknown
reaction (force) Xq. Its value must be found using the equation of deflection compatibility,
which is represented as canonical equation of the force method. Their geometrical sense
is in total zero vertical deflection of vertically immobile B point of equivalent system. This
deflection is really a geometric sum of the B-point deflection generated by external forces
and, secondly, by unknown X4 force. This canonical equation has the shape:

5V€I’tp_B(X1’F):O or §_|_1X1+A||: =0.
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To find two coefficients 617 and 4 it is necessary to design the force (F) and unit
(1) systems. They are shown on Fig. 11. Note, that the force system is the base system

with only external forces applied. Unit system is the base system with unit X1 force
applied. They are shown on Fig. 11.
The unknown reactions Rp and R¢ in the force system (F) we will calculate using

the equations of statics:
ZMA:O:—qgax§a+ M + RC(b+c)—qm(c+d)(¥+bj.

2
Re =i£qma -M +qm(0+d)(%+bj]=%(20;9 —10+20><3@+2j]:+65 kN

b+c| 3

(actual direction downwards).
2

_CImdz_

ZMc=0=—qr§ax §a+b+cJ+M +RA(b+c)+qm2C 5




2 2
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(actual direction upwards).

Checking: 3'F, =0=qL2a—qm(c+d) Ra+Rc _¥—20(2+1) 35+ 65=0.

The unknown reactions Ra and R¢ in the unit system (1) we will also calculate
using the equations of statics:

> Mp=0=+Rc(b+c)-X1b=0 — %z%(dimensionless)
(actual direction upwards).
> Mg =0=-Ra(b+c)+X1c=0 — R_A:%(dimensionless)

(actual direction upwards).

Checking: >'F, =0=Ra+Rc —)?1:%+%—1:0.

Equations of internal forces in the force and unit systems are the following:
I—-1: 0<x<d
2
| X 2
Myr (X)= qm2 (10X )
i
My (x)=0.
IH—-11: 0<x<c

2
Mk (%) = g (%+ xj+ qm2X ~Rox=(10-45x+10x%),

! (x):(—gj.

I —11: 0<x<b

M!,',:'(x):qmd(%+c+xj+qmc(%+xj—RC(c+x)—M = (-50-5x),

il (x):(_ugj.

IV-IV: 0<x<a

d q X
MY g dl = +c+b+X |+amc| = +b+X |=R~(C+b+X)=M + Rax—-m2_ _
yF =0m (2 j Om (2 j c ) A 6a
- (1Ox3+30x 60)
9
valY
My (x):O
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Calculating the canonical equation coefficients applying Mohr's method.

A = é[i(mxz)(o)dx ¥ E(lo _ 45 +10x2)(—§) ¥ T(—SO —5x)(—1+ gj dx +

0
3
+ 19,3 + 30x 80 |(0)dx | =+ 22,
L9 3EI

1 2 2 3
1 X X X X 4
=—| 1(0)(0)dx+ || —= || —= |dx+ || -1+ = || -1+ = |dx+|(0)(0)dX |=+—.
B2 [(j)( )(0) (j)( 2)-5) g( 2 )5) U0 } =
Note, that 61, coefficient may be also calculated applying graphical method.

Substituting these coefficients into canonical equation is the following:

A X+ 220 and X, =—625kN.
3EI 3EI

Note, that "'minus sign'" means that actual direction of X, force is opposite to its

upwards original direction in equivalent system (see Fig. 11c).
After X4 finding the equivalent system becomes available for shear forces and

bending moments calculating. Let us preliminary determine the reactions RZ and Ré in

equivalent system. Their original directions are shown on Fig. 11. Note, that original
direction of X; in equivalent system should be changed on opposite before these

calculating.

>Mp=0=+Xb+M —qm(c+d)(%+b)—Rz§0rig (b+c)—qL2a><2—?:3l :
* 1

c+d gna 2a
Corig :m:[)(lb'i‘lvl _qm(c+d)(7+bj—%X?j=—33.75 kN

(actual direction downwards).

2 2
* Jma( 2a dmc”~  dmd
Mr~=0=-X.c+M+Rp  (b+c)———| —+b+c |+ - .
2. Mc 1 Porig (D+C) 5 (3 ) 5 5
2 2
sz_ -1 Xi1c—M +M(§+b+cj—qmC +qmd =+66.25 kN
ng  p+c 2 3 2 2

(actual direction upwards).
Checking:

* qa *
Y F,=0= X1+RC?cht +?—prrig —q(C+d):62.5+33.75+30—66.25—60EO.

Equations of internal forces in equivalent system are the following:
Il —-1: O<x<d

Q7 (X)=—Gmx=-20x|,_, =0, _, =—20 kN,
2
MBI,(X) = quX =10x°

IH—-1l: O<x<c

o O\le =+10 kKNm.
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find

7' (X)=—0Om(x+d)+Re, =—20(x+1)+33.75=
= (-20x +13.75)| _ =+13.75,_, =-26.25 kN,

My' (X) =+t (d +X)(dzx)—RE X=

act

x=0

~(10x® ~13.75x+10)  =+10|,_, =+225 kNm.

x=0
Due to QZ” (x) function changes its sign from "plus™ to "minus" it is necessary to

I .
My (x) extremal value:

(a) extremum coordinate finding by equating to zero QZ” (x) function:

13.75

V(%) =(-20% +13.75)=0 — Xg=+ - =+0.69m.

(b) calculating M)','maX value substituting x, value into M)',' (x) equation:

My (%) =M, :(10xe2 —13.75x, +1o) —-3.34 kNm.

y max
I —101: 0<x<b
3 (X)=Re,., —tm(c+d)+X; =+36.25 kN,

1l * c+d
My" (x)=-Rc, (c+x)-M —Xlx+qm(c+d)(T+x):

=(125-36.25x)| _ =125|,_, =60 kNm.

IV-IV: O<x<a

IV x OmX? 10
z (X):RCact_Qm(C+d)+X1+ 93 _RAorig: EX —-30 O=—3O‘X:3:OkN
X=
IV * c+d
My (x)=—RCact(c+b+x)+qm(c+d)(7+b+xj_|\/|_
3
Xy (b+X)+Rp . X_%_X:(_EX3+3OX_60j =60, _, =0 kNm.
ig” Ba 9 o x=3

The Q,(x) and My (x) graphs are represented on Fig. 11 (f, g).
General conclusion. Due to X4 force is really the reaction in middle support, it may

be compared with the “abrupt” on the shear force graph, designed in result of first solution
applying three moment equation. This “abrupt” is equal to (36.25+ 26.25=62.5kN). It’s
coincidence with the value of X; force supports the accuracy of this problem solution.

The “abrupt” on the M y(x) graph in B-point is equal to external M value 10 kKNm

and internal moment in B section (equal to 22.5 kNm) is really unknown M; moment
which has been found earlier in three moment equation.

Totally, the graphs of Q,(x) and M (x) shown on the Figs. 10 and 11 are identical.
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